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A SECOND ORDER ALGEBRAIC KNOT CONCORDANCE GROUP 

MARK POWELL 

Abstract. Let C be the topological knot concordance group of knots S^ C S^ under 
connected sum modulo slice knots. Cochran, Orr and Teichner defined a filtration: 

C D J^(o) D -^(0.5) ^ -^(1) ^ -^(1.5) ^ -7^(2) D . . . 

c7^ ' The quotient C/J-{o.5) is isomorphic to Levine's algebraic concordance group; -^(o.s) is 

Cn I the algebraically slice knots. The quotient C/J-"(i.5) contains all metabelian concordance 

$^ . obstructions. 

Using chain complexes with a Poincare duality structure, we define an abelian group 
AC2, our second order algebraic knot concordance group. We define a group homomorphism 
C — )■ AC2 which factors through C/J"(i,5), and we can extract the two stage Cochran- 
>^ ' Orr- Teichner obstruction theory from our single stage obstruction group ACi- Moreover 

there is a surjective homomorphism AC2 -^ C/J-'{o.5), and we show that the kernel of this 
homomorphism is non-trivial. 

H 
O 

c^ ■ 1. Introduction 

A knot is an oriented, locally flat embedding of S^ in the 3-sphere. We say that two knots 
K and K' are concordant if there exists an oriented, locally flat embedding of an annulus 
C = S^xl in S^x I with CnS^ x {0} = K and CdS^ x {1} = -K'. The monoid of knots 
under connected sum becomes a group when we factor out by the equivalence relation of 
■^ ■ concordance, called the knot concordance group, and denoted by C. 

\^ ', This paper unifies previously known obstructions to the concordance of knots by using 

^l ' chain complexes with a Poincare duality structure. In particular, we attempt to find an 

C^ . algebraic formulation that computes portions of the knot concordance group as filtered by 

the work of T. Cochran, K. Orr and P. Teichner. 

We view this as an initial framework for extending the algebraic theory of surgery of 

A. Ranicki |Ran80j to classification problems involving 3- and 4- dimensional manifolds. 

In order to apply Ranicki's machinery to low dimensional problems, we incorporate extra 

K> ■ information which keeps track of the effect of duality on the fundamental groups involved. 

j^ I The paper [COTOS] introduced a filtration of the classical knot concordance group C by 

subgroups: 

C ^ "^(0) ^ -^(0.5) ^ -^(1) ^ -^(1.5) ^ -^(2) ^ 

Knots in the subgroup J-'(„) are called (ri)-solvable knots, for n € ^N U {0}. The subgroups 
J-"(„) are geometrically defined. A knot is (n)-solvable if there is some choice of four manifold 
whose boundary is zero- framed surgery on the knot, and which is an n*'* order approximation 
to the exterior of a slice disk (See Definition 15. 2|) . 

In this paper, we focus on the (0.5), (1) and (1.5) levels of this filtration, corresponding 
to abelian and metabelian quotients of knot groups and of the fundamental groups of ap- 
propriate 4-manifolds. Our methods extend to the higher terms of the filtration, which will 
appear in a future paper. (For an outline, see the appendix of [Powllj .) As in [COTOSl 
Theorem 1.1 and Remark 1.3.2], the quotient C/J-'(o.5) is isomorphic to Levine's algebraic 
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concordance group |Lev69] . which we denote ACi (see Definition 16. 2p . We produce a purely 
algebraically defined group of concordance invariants, AC2, and prove the fohowing theorem. 

Theorem 1.1. There exists a second order algebraic knot concordance group AC2, with a 
non-trivial homomorphism C — t- AC2 which factors through C/F{i^^\ . There is a commutative 
diagram 



C ^AC 



2 



ACi 

with both of the maps to ACi surjections. A knot whose image in AC2 is trivial has vanishing 
Cochran- Orr-Teichner {1.5)-level obstructions. Moreover, the Cochran- Orr-Teichner ob- 
structions can be extracted algebraically from an element of AC2- In particular the Cheeger- 
Gromov Von Neumann p-invariants used in |COT03| can be defined purely algebraically and 
used to detect non-triviality of elements of AC2- 

We will define (Definition [73]) a pointed set which encapsulates the Cochran-Orr-Teichner 
obstruction theory in a single object, which we denote COT(c/i.5)- We summarise Theo- 
rem 11.11 in the following commutative diagram, where dotted arrows are used to denote 
morphisms of pointed sets. 

AC2 



Y 

C ^ C/7'(i.5) - - ^ COT(c/i.5) -^Ci. 



Our aim is to compute the group C/J-n^^\ and we view Theorem 1 1.1 1 as a first step toward 
this goal. 

Question 1.2. How close is our homomorphism C/J-n^^\ —^ AC2 to a (rational) isomor- 
phism? Can we identify elements in the kernel and cokernel? 

The following corollary of Theorem 11.11 is a consequence of |Kim04j and |COT04j . 

Corollary 1.3. The kernel of AC 2 — s- ACi is of infinite rank. 

The first examples of knots which lie in the kernel of the map C — t- ACi were given by 
A. Casson and C. Gordon in [CG86J . Their seminal work was the basis for the work of 
Cochran, Orr and Teichner. We expect it to be the case that a knot whose image in AC2 is 
trivial also has vanishing Casson-Gordon slice obstructions, but we do not directly address 
this in the present work. 

Cochran-Orr-Teichner concordance obstructions are a secondary obstruction theory in a 
similar manner to obstructions to lifting a map up a tower of fibrations, or extending a map 
over the skeleta of a CW-complex. One uses the vanishing at each level of obstructions 
to define new obstructions, which if they in turn vanish, can be used to define further 
obstructions, and so on. A knot being (n)-solvable implies that there is some path of 
vanishing Cochran-Orr-Teichner obstructions of length [n] . By contrast, AC2 contains 
well-defined knot concordance invariants, which do not need to be indexed by choices of 
lower level vanishing. 
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The approach is partially inspired by work of Gilmer |Gil83j . He defined an analogue 
of AC2 which attempted to capture invariants from ACi together with Casson-Gordon in- 
variants. That influential, and still important paper, has errors relating to the universal 
coefficient theorem. We avoid such problems by defining our group using chain complexes 
with symmetric structure instead of forms defined on homology. A chain complex with sym- 
metric structure is a purely algebraic analogue of a Poincare duality space. Consequently, 
our work has an altogether different character from Gilmer's. 

By avoiding homology pairings and the associated universal coefficient theorem issues 
in the definition of our invariant, we avoid Ore localisation, the ad-hoc introduction of 
principal ideal domains, and we obtain a group with a homomorphism C — )■ AC2'- the 
chain complexes behave well under connected sum. Traditionally, cobordism groups use 
disjoint union to define their addition operation. Our operation of addition mirrors much 
more closely the geometric operation of addition of knots. The most important advantage 
derived from defining our obstruction in terms of chain complexes is that we have a single 
stage obstruction which captures the first two main stages of the Cochran-Orr-Teichner 
obstruction theory. Finally, since we keep the whole chain complex as part of our data, 
we potentially have more information than can be gleaned from the Cochran-Orr-Teichner 
obstructions, although computable invariants are elusive at present. 

1.1. Organisation of the paper. The paper is devoted to the proof of Theorem 11.11 
Section [2] contains some definitions and constructions which will be central to the rest of 
the paper, including the definition of a symmetric Poincare triad and the structure and 
behaviour of metabelian quotients of knot groups. We define a monoid of chain complexes 
V in Section [3l corresponding to the monoid of knots under connected sum. In Section 
m we impose an extra equivalence relation on V corresponding to concordance of knots, 
and so define the group AC2- Section [5] contains the proof that (1.5)-solvable knots map 
to the trivial element of AC2- Section [6] describes the homomorphism to the algebraic 
concordance groups and proves the facts about Blanchfield forms which will be required 
in subsequent sections. Section [7] defines the Cochran-Orr-Teichner obstruction set, before 
Section [8] shows how to extract the Cochran-Orr-Teichner obstructions from an element of 
AC2, showing that AC2 is non-trivial. 

Acknowledgements. This work is a shortened version of my PhD thesis. Most of all, I 
would like to thank my supervisor Andrew Ranicki, for all the help he has given me over 
the last three and a half years, in particular for suggesting this project, and for the ideas 
and advice which were instrumental in solving so many of the problems encountered. I 
would also like to thank in particular Stefan Friedl, Kent Orr and Peter Teichner, and 
also Spiros Adams-Florou, Julia Collins, Diarmuid Crowley, Wolfgang Liick, Tibor Macko, 
Daniel Moskovich, Paul Reynolds and Dirk Schiitz for many helpful and stimulating con- 
versations and generous advice. 

2. Preliminaries 

2.1. Symmetric structures on chain complexes representing manifolds ^vith bound- 
ary. All of the chain complexes in this paper will come equipped with an algebraic Poincare 
duality structure: the symmetric structure of Mischenko and Ranicki. In this section we 
collect the basic constructions which we will need in order to define algebraic cobordisms. 
For more details on the material presented here, see [RanSOl Part I], from which the defi- 
nitions in this section are taken, and [Powllj , where I gave an extended explanation of the 
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derivation of symmetric structures, and in particular of how to produce one explicitly for a 
knot exterior. 

In the following we let A be a ring with involution. A symmetric chain complex over A is a 
chain complex C together with an element (p G Q^{C): we refer to [RanSOl Part I, Page 101] 
for the definition of the symmetric Q-groups Q^{C). A symmetric pair over A is a chain 
map f : C ^- D with an element {6ip,ip) G Q^^^if)- Likewise, we refer to [RanSOl 
Part I, Pages 133-4] for the definition of the relative Q-groups. Such complexes are said 
to be Poincare if the symmetric structure induces, respectively, the Poincare and Poincare- 
Lefschetz duality isomorphisms between cohomology and homology. 

We can represent a manifold with boundary in two ways: on the one hand, as a symmetric 
Poincare pair, and on the other hand as a symmetric complex which is not Poincare. The 
algebraic Thom and algebraic Poincare thickening constructions of the following definition 
make the correspondence between these two representations of a manifold with boundary 
precise. 

Definition 2.1 ( |Ran80j ). An n-dimensional symmetric complex {C,ip G Q'^{C,e)) is con- 
nected if Hq{(Pq: C^~* -^ C^) = 0. The algebraic Thom complex of an ?i-dimensional 
e-symmetric Poincare pair over A 

is the connected n-dimensional e-symmetric complex over A 

where ^(/) is the algebraic mapping cone of /, and 

6(ps 

(-i)"-^-Vs/* (-i)"-"+^r,<^,„i 

= £)"-^'+^ e C^'-r+s-l _^ <^(J)^ = Dr® Cr-1 (s > 0). 

The boundary of a connected Ji-dimensional e-symmetric complex {C,(p G Q^{C,£)) over 
A, for n > 1, is the (n — l)-dimensional e-symmetric Poincare complex over A 

{dC,dipeQ''-\dC,e)) 



{5^/^)s := , ,,n-V-i,. ,. , i^n-.+s^,„ :<^(/r"^+^ 



given by: 

AdC 



dc ( 
d* 



- dQ„-, J 



d^0={ ^-1)"~; '^-'^1 (-l)Kn r-l)^ ]:dC^-^-' = C^-'-(BCr+l 



1 



dCr = Cr+l e C' 



and, for s > 1, 

-^ dCr = Cr+l e c"-''. 

See [RanSOl Part I, Proposition 3.4 and pages 141-2] for the full details on the boundary 
construction. 
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The algebraic Poincare thickening of a connected e-syninietric complex over A, (C, ip G 
(5"(C, e)), is the e-symmetric Poincare pair over A: 

where ic = (0, 1) : dC = Cr+i ® C"~^ — )• C""'". The algebraic Thoni complex and algebraic 
Poincare thickening are inverse operations [RanSOl Part I, Proposition 3.4]. D 

Next, we give the definition of a symmetric Poincare triad. This is the algebraic version of 
a manifold with boundary where the boundary is split into two along a submanifold; in other 
words a cobordism of cobordisms which restricts to a product cobordism on the boundary. 
Note that our notion is not quite as general as the notion in |Ran81l Sections 1.3 and 2.1], 
since we limit ourselves to the case that the cobordism restricted to the boundary is a 
product. We also circumvent the more involved definitions of |Ran81j . and define the triads 
by means of |Ran8H Proposition 2.1.1], with a sign change in the requirement of i_ to be 
a symmetric Poincare pair. 

Definition 2.2 ( |Ran81j ). An (n + 2) -dimensional (Poincare) symmetric triad is a triad 
of finitely generated projective A-module chain complexes: 




with chain maps i±,f±, a chain homotopy g: f- o i_ ~ f_^_oi_^ and structure maps 
((/J, (5(/J_, 5(/9+, <1>) such that: (C, 99) is an n-dimensional symmetric (Poincare) complex, 

(i+: C ^ D+, {6ip+,(p)) and {i_: C ^ D_, {6ip-, -ip)) 

are {n + l)-dimensional symmetric (Poincare) pairs, and 

(e: D^UcD+^Y,{<^,6ip^U^Sip+)) 

is a (n + 2)-dimensional symmetric (Poincare) pair, where: 

e = ( /_ , {-ly-^g , -/+ ) : {D_)r e Cr-l {D+)r ^ Yr. 

See |Ran801 Part I, pages 117-9] for the formulae which enable us to glue together two chain 
complexes along a common part of their boundaries with opposite orientations: the union 
construction. We write (D" = D Uq' D',6(p" = 5ip \J^pi 5ip') for the union of {D,6ip) and 

(15', V) along (C,(^')- 
A chain homotopy equivalence of symmetric triads is a set of chain equivalences: 

iyc--C -^ C"; VD_:D^ -^ D'_ 

VD+- D^ -^ D'^; and i^e-Y -)■ ¥', 

which commute with the chain maps of the triads up to chain homotopy, and such that the 
induced maps on Q-groups map the structure maps {ip, 6ip-, 5^+i ^) to the equivalence class 
of the structure maps ((^', 5(p'_, S^'+, ^')- See |Ran801 Part I, page 140] for the definition of 
the maps induced on relative Q-groups by an equivalence of symmetric pairs. D 

Definition 2.3. ( |Ran801 Part I, pages 134-6]) An e-symmetric cobordism between sym- 
metric complexes {C,ip) and {C',ip') is a (n + l)-dimensional e-symmetric Poincare pair 
with boundary (C © C", 99 -ip'): 

{{fcJc')- C ®C' ^ D,{5^,^®-^') ^Q^+\{fcJc'),e)). 



6 MARK POWELL 

D 

The next lemma contains a fact which is key for constructing algebraic cobordisms cor- 
responding to products M x /. We place it here so as not to interrupt the main text; we 
will have repeated cause to appeal to it. Although this is well-known to the experts, I have 
not found a proof in the literature. 

Lemma 2.4. Given a homotopy equivalence f: {C,ip) —^ {C',(p') of n- dimensional sym- 
metric Poincare chain complexes such that f {f) = 97', there is a symmetric cobordism 
((/, 1) : C © C" — )■ C", (0, If © —f'))- This symmetric pair is also Poincare. 

Proof. We need to check that the symmetric structure maps (0, y?© —97') € Q"'~^^{{f, 1)) in- 
duce isomorphisms: H^{{f, 1)) ^ Hn+i-riC')- We use the long exact sequence in cohomol- 

ogy of a pair, associated to the short exact sequence — > C" — )■ ^((/, 1)) — > S{C © C") — ^ 
to calculate the homology H^{{f, 1)). The sequence is: 

H'-^C) i^lllll^ H''~\C © C) A H^'iif, 1)) ^ H''{C') i:(I£^ H''{C © C). 

We have that ker((/*, 1*)^ : H''{C') -^ H''{C®C')) ^ 0, so j* is the zero map, and therefore 
d is surjective. The image im((/*, 1*)^: H^'^^C) -^ H''~\C)®H''~^{C')) is the diagonal, 
so that the images of elements of the form (0,y') G H^~^{C)(BH^~^{C') generate H^{{f, 1)). 
The map if ((/, 1)) — ;• Hn^r+i{C') generated by (0, ip © —(p'), on the chain level, is 

(o,(/ i)('^o° _°^, )):(cTe(c©c"ri^C7;_,+i 

which sends y' G H^~^{C') to —ipQ{y'). We therefore have an isomorphism on homology 
since {C',(p') is a symmetric Poincare complex, so we have a symmetric Poincare pair 

{if,l):C®C'^C',iO,ip®-ip')), 

as claimed. D 

2.2. Second derived covers and connected sum. Our obstructions, since they aim to 
capture second order information, work at the level of the second derived covers of the 
manifolds involved. We therefore need to understand the behaviour of the second derived 
quotients of knot groups. We denote the exterior of a knot K C S^ hy 

X ■.= S^\ uK. 

Proposition 2.5. Let cf) be the quotient map 

(j): 7ri(X)/7ri(X)(2) ^ 7ri(X)/7ri(X)(^) ^ Z. 

Then for each choice of splitting homomorphism -0: Z — t- 7ri{X)/TTi(XY'^' such that (poip = 
Id, let t := "0(1) • There is an isomorphism: 

6*: 7ri(X)/7ri(X)(2) ^ Z K H; 

g ^ {c^{g),gt-'t>^9)), 

where H := Hi{X;'Z[Z]) is the Alexander module. 

Proof. This is well-known, so we omit the proof. See e.g. [LetOOl page 307]. D 

Although the following proposition is well-known, the careful treatment of inner auto- 
morphisms, used to take care of any ostensible dependence on the choice of splitting in 
Proposition 12.51 will be invaluable in Section [3l 
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Proposition 2.6. Let K , K^ and K^ := K'^K'^ be oriented knots, with associated exteriors 
X,Xt and Xt, and denote H^ := Hi{X^;Z[Z]) and H^ := Hi{Xi ; Z[Z]) . The behaviour of 
the second derived quotients under connected sum is given by: 

7ri(Xt)/7ri(Xt)(2) ^ZiKH^^ZtK{H@ H'^). 

That is, we can take the direct sum of the Alexander modules. 

Proof. First we observe that 



TTi 



(Xt)^^i(X)*zvri(Xt), 



by the Seifert-Van-Kampen theorem: the knot exterior of a connected sum is given by 
gluing the exteriors of the summands together along neighbourhoods of meridians S^ x D^ C 
dX,dX^. Note that H, W and H^ are modules over the group ring Z[i,t~^] for the same 
t, which comes from the preferred meridian of each of X,X^ and X^ respectively; when the 
spaces are identified these meridians all coincide. 



ZkH^^ Tii{X^)/7,i{X^f^ ^ 7ri(X) *z 7ri(Xt)/(7ri(X) *z t^i{X^)) 



(2) 



(1) 






We now need to be sure that the two group elements which we identify, which we call 
gi G vri(X) and 5^1 € 7ri(X^), map to (1, 0) € Z x ff and (1,0''') € Z x //"I" respectively under 
the compositions 

7ri(X) -^ 7ri(X)/7ri(X)(2) ^ Z x i7 and 7ri(X^) ^ 7ri(x1')/7ri(x1")(2) ^ZkH^. 

If we had chosen ^(1) = 51 G ^i(X)/^i(X)(2) and V^(l) = c/J G 7ri(Xt)/7ri(Xt)(2) then 
this would be the case and we would have: 

(Zx//)*.(Zx/7t)^Zx(/.*Ft)^^^^^^^,^^ 



[7ri(X)(i),^i(Xt)(i)] [i7,ift] 

and the proof would be complete. The point is that we can always arrange that the image 
of gi is (1,0) by applying an inner automorphism of Z k H, and similarly for g\ and 
Z X H'^ . Suppose that 6{gi) = (l,/ii). Recall |Lev77l Proposition 1.2] that 1 — t acts as an 
automorphism of H. We can therefore choose h'l G H such that (1 — t)h'i = h\. Then we 
have that: 

(0, h'^r\i, /ii)(o, h[) = (0, -/i;)(i, /ii)(o, /I'l) = (1, -h'^ + /ii)(o, /I'l) 
= (1, -/I'l + /ii + i/i'i) = (i,/ii-(i-t)/i;) = (i,/ii-/ii) = (i,o). 

So, as claimed, in the last isomorphism of ([1]), we can compose 6 and 9^ with suitable 
inner automorphisms and so achieve the desired conditions on the meridians which we 
identify. Therefore the second derived quotients of the fundamental groups indeed add 
under connected sum as claimed. D 

This concludes the preliminaries that we wish to collect prior to making our main defini- 
tions. 
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3. A Monoid of Chain Complexes 

We shall define a set of purely algebraic objects which capture the necessary information 
to produce concordance obstructions at the metabelian level. We define a set comprising 
3-dimensional symmetric Poincare triads over the group ring TL\L x Ii\ for certain Z[Z]- 
modules U. In some sense, we are to forget that these chain complexes originally arose 
from geometry, and to perform operations on them purely with reference to the algebraic 
data which we store with each element. The primary operation which we introduce in this 
section is a way to add these chain complexes, so that we obtain an abelian monoid. On the 
other hand, we would not do well pedagogically to forget the geometry. The great merit of 
the addition operation we put forward here is that it closely mirrors geometric addition of 
knots by connected sum. 

A manifold triad is a manifold with boundary (X, dX) such that the boundary splits 
along a submanifold into two manifolds with boundary, dX = OXq Uaxoi dXi. In our case 
of interest where X is a knot exterior we have a manifold triad: 

S^ X S° ^ S^ X D^ 

I I 

51 X D^ ^ X, 

where the longitude is divided into two copies of D^. Such a manifold triad gives rise to a 
corresponding triad of chain complexes: noting that the knot exterior has the homology of a 
circle and the inclusion of each of the boundary components S^ x D^ induces an isomorphism 
on Z-homology, we obtain a chain complex Z-homology cobordism from C^{S^ x D^) to 
itself, which is a product along the boundary. 

The chain complexes are taken over the group rings Z[Z x if ] of the semi-direct products 
which arise, as in Proposition 12. 5[ as the quotients of knot groups by their second derived 
subgroups, with H an Alexander module (Theorem 13. ip . The crucial extra condition is a 
consistency condition, which relates H to the actual homology of the chain complex. Since 
the Alexander module changes under addition of knots and in a concordance, this extra 
control is vital in order to formulate a concordance obstruction theory. 

We quote the following theorem of Levine, specialised here to the case of knots in dimen- 
sion 3, and use it to define the notion of an abstract Alexander module. Recall that we 
denote the exterior of a knot K hy X := S^ \ vK. 

Theorem 3.1 r jLev77p . Let K be a knot, and let H := Hi{X;Z[Z]) ^ Hi{Xoo;Z) be its 
Alexander module. Take Z[Z] = Z[t,t~^]. Then H satisfies the following properties: 

(a): The Alexander module H is of type K: that is, H is finitely generated over Z[Z], 
and multiplication by 1 — t is a module automorphism of H . These two properties 
imply that H is Wj^^torsion. 

(b): The Alexander module H is "L-torsion free. Equivalently, for 7j[7j]-modules of type 
K, the homological dimensioj\j of H is 1. 

(c): The Alexander module H satisfies Blanchfield Duality: 

H - ExtlUH,Z[Z]) - Ext" ^,(F,Q(Z)/Z[Z]) - Hom^K,(i/,Q(Z)/Z[Z]) 



where H is the conjugate module defined using the involution defined by t ^^ t ^ . 

Conversely, given a 'L\L]-module H which satisfies properties (a), (b) and (c), there exists 
a knot K such that Hi{X ; Z[Z]) '^ H . 



This is defined as the minimal possible length of a projective resolution. 
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Definition 3.2. We say that a Z[Z]-module which satisfies (a),(b) and (c) of Theorem 13. II 
is an Alexander module, and denote the class of Alexander modules by A. D 

Before we give the definition of our set of symmetric Poincare triads, we exhibit some 
basic symmetric chain complexes which correspond to the spaces S^ x S^ and S^ x D^. 

Definition 3.3. Let H be an Alexander module. Let hi £ H and define gi := (l,/ii) € 
Z[Z K if]. Moreover let la G Z[Z x if], denote g^ := la^dila and let l^ := l~^. The symmetric 
Poincare chain complex (C, ipc' = v? ~V^)j of the form: 



V093-VO 




Vo(B-ipo 



is given by: 



9i - 1 

02 ^[^ X H] — -^ 02 Z[Z X H] 



1 
-1 




02 Z[Z X H] 



The annular chain complexes D'^ fit into symmetric Poincare pairs: 

(they are Poincare pairs by Lemma |2.4|) . defined as follows: 

(91-1) 



D'_ 



X H] 



Z[Z X H] 



1 

1-' 



1 



C" 02 Z[Z X if] 



51 -1 
9q-l 



^ 02 Z[Z X if] 



l^' 



D' 



kH] 



9q 



Z[Zxif], 



The chain complexes D'j^ arise by taking the tensor products Z[Z x if] ®i\^^ C*(S'^; Z[Z]), 
with homomorphisms Z[Z] -^ Z[Z x if] given by t i— > (71 for f?^ and t >-^ gq for i?^. There 
is therefore a canonical chain isomorphism w : f)^ ^' i)^ given by 
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Z[Z X H] 

(la) 

Z[Z X H] 



(91-1) 



(9g-l) 



Z[Z K H] 

{la) 

K H]. 



D 



Definition 3.4. We define the set V to be the set of equivalence classes of triples {H, y, ^) 
where: i? € ^ is an Alexander module; 3^ is a 3-diniensional symmetric Poincare triad of 
finitely generated projective Z[Z x f/^J-module chain complexes of the form: 



iC,vc) 



«+ 



/+ 



f- 



with the symmetric Poincare pairs {i± : C — t- Dj-, {5(p±, (pc)) chain homotopy equivalent to 
{i'^ : C — 7> -Dj_, (0, <y9©— {/?)) from Definition l3.3| where the chain maps f± induce Z-homology 



equivalences, and with a chain homotopy g : /_- 

^: H ^ Hi{Z[I 



o z_ 



/+ o i+ : C* — > y*+i; and 



WH' 



Y) 



is a Z[Z]-module isomorphism. 

Moreover we require that the maps 6lp± have the property that w5ip^zu* = —5(p+, and 
that there is a chain homotopy fi: /+ o tu ~ /_. This implies that objects of our set are 
independent of the choice of /_ and /+. 

The maps f± must induce Z-homology isomorphisms; note that i/*(Z ^zizkH] D±) — 

H^s^-zy. 

(/±)* : H^{Z ®z[Zi<.H] D±) ^ F*(Z (g)z[Zt<JY] Y). 

We call the condition that the isomorphism ^■. H ^^ Hi{Z[Z] 'S'z[i,t<H] Y) exists, the consis- 
tency condition, and we call ^ the consistency isomorphism. 

We say that two triples {H,y,^) and {H"',y'^,^'^) are equivalent if there exists a Z[Z]- 
module isomorphism u: H ^ H"', which induces a ring isomorphism Z[Z x H] ^ Z[Z x 
H^"], and if there exists a chain equivalence of triads j: Z[Z x H^"] ®z[ZkH] y ~^ y \ such 
that the following diagram commutes: 



H 



Hi{Z[Z](g)^^^H]Y) 
j* 



H% 



H, 



^ZfZb<//%' 



Y 



%^ 



The induced map j^, on Z[Z]-homology makes sense, as there is an isomorphism Z[Z] = 
Z[Z] Oz[ZKi:f%] ^[^ X ^^1> so that 

Hi{Z[Z] ®^z.^H] Y) ^ Hi{Z[Z] ®z[^^H%] Z[Z X h'^^] ^j^^j^^h] Y). 

It is easy to see that we have indeed described an equivalence relation: symmetry is seen 
using the inverses of the vertical arrows and transitivity is seen by vertically composing two 
such squares. D 
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Given a knot K with exterior X, we define a triple {H,y,£^) as follows. Let H := 

7ri(X)''-'^'/7ri(X)(^) considered as a Z[Z]-niodule via the action given by conjugation with a 

meridian. Let y be the triad of handle chain complexes associated to the 7ri(X)''^) -cover 

of the manifold triad in 11 

51 X 5° ^ S^ X Di 



51 X Dl ^ X, 

with symmetric structures for C*(S'^ x S^) and C^:{S^ x D]_) as given in Definition 13.31 and 
with the symmetric structure for C*(X) given by the image under a chain level approxima- 
tion to the diagonal map 

A: C{X;Z) -^ C{X-Z[Z x H]) ®z[ZxH] C{X;Z[Z x H]) 

of a relative fundamental class [X,dX] € C3(X;Z). Lastly, let ^ be the Hurewicz isomor- 

P"^'"™ ^-.H^ Hi{X;Z[Z]) ^ Hi{Z[Z] 0^i^,,h] Y). 

Then we have: 

Proposition 3.5. Let Knots be the set of isotopy classes of locally flat oriented knots. The 
above association of (H, y, ^) to a knot K defines a function: 

Knots -^ V. 

Proof. We take 

Y := C{X;Z[Z x H]) := Z[Z x H] (^z[n,iX)] C{X;Z[Tri{X)]), 

using the handle chain complex of X with coefficients twisted by the group ring of the 
fundamental group. We use a handle decomposition which contains a handle decomposition 
of a regular neighbourhood of the boundary dX x / as a subcomplex. We split the boundary 
into two annular pieces S^ x S^ = S^ x D^ U^ix^o S^ x Dl, with the longitude split in 
two. We pick a meridian of K and call it gi € tti{X), and we let la and If, be the images in 
7ri(X)/7ri(X)(^-' of the two halves of the longitude, suitably based. Take (C, (fc), {D±, Sip±) 
and i± to be the complexes defined in Definition 13.31 Define the maps f± and g to be 
the maps induced by the inclusion of the boundary. The symmetric structure $ on y^, = 
C*(X; Z[Z X H]) is given, as described, by the image of a relative fundamental class under 
a diagonal approximation chain map. Note that for the model chain complexes, w = 
(la) : {D-)i -^ {D+)i so /+ o tu = /_ and we can take /.i = 0. 

It is important that our objects do not depend on choices, so that equivalent knots 
define equivalent triads. Different choices of la and Ij, affect these elements only up to 
a conjugation, or in other words an application of an inner automorphism, which means 
we can vary C, D+ and /+ by a chain isomorphism and obtain chain equivalent triads. A 
different choice of element gi = (1, /ii) G Z x // is related by a conjugation, or in other words 
an application of an inner automorphism, as in the proof of Proposition 12.61 so that we can 
change C, D± and Y by chain isomorphisms and obtain chain equivalent triads. The point 
is that we need to make choices of gi and of la in order to write down a representative of 
an equivalence class of symmetric Poincare triads, but still different choices yield equivalent 
triads. We investigate the effect of such changes on the consistency isomorphism ^. A 
change in la does not affect the isomorphism ^. A change in gi affects S, as follows. When 
we wish to change the boundary maps and chain maps in a triad by applying an inner 
automorphism, conjugating by an element h ^"L x H say, we define the chain equivalence 
of triads y -^ y^^ which maps basis elements of all chain groups as follows: e^ 1— ?> hei: 
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3^'° has the same chain groups as y but with the relevant boundary maps and chain maps 
conjugated by h. This induces an isomorphism which by a shght abuse of notation we 
denote K ■ Hi{Z[Z] 0^x<xH] Y) ^ Hi{Z[Z] ®^^^,h%^ Y"^"). We take oj: H -^ H'^" = H as 
the identity. In order to obtain an equivalent triple, we therefore take ^ = /i* o ^. 

An isotopy of knots induces a homeomorphism of the exteriors X ^ X^°, fixing the 
boundary, which itself induces an isomorphism 

Likewise the isotopy induces an equivalence of triads Z[Z k H'^] ®z[Z!kH] y ~^ y ■ The geo- 
metrically defined maps ^ and ^ fit into the commutative square as required in Definition 

1321 

Finally, we should check that the conditions on homology for an element of V are satisfied. 
First, Z(8'zfZt<_ffl-^± ^^ given by Z ^ Z, which has the homology of a circle. Alexander duality 
or an easy Mayer- Vietoris argument using the decomposition of S^ as X Ugx^^s'^ x 51 '5^ x D^ 
shows that //*(C*(X;Z)) = H^{S^;Z), with the generator of Hi{X;Z) being any of the 
meridians. So the chain maps U^^nyjj]f±: Z ® D± — )> C*(X;Z) induce isomorphisms on 
homology. 

The consistency condition is satisfied, since we have the canonical Hurewicz isomorphism 
H ^ Hi{X; Z[Z]) as claimed. Therefore, we have indeed defined an element of V. D 

Remark 3.6. In [Powllj . I gave an algorithm to construct a symmetric Poincare triad 
explicitly, given a diagram of a knot, using a handle decomposition of the knot exterior. 
The novel part of this was to construct the symmetric structure maps explicitly, at the level 
of the universal cover. 

We now define the notion of addition of two triples {H, y, ^) and (-ff^, 3^^, .^t) in V. In the 
following, the notation should be transparent: everything associated to y^ will be similarly 
decorated with a dagger. 

Definition 3.7. We define the sum of two triples 

{H^,y^,^^) = {H,y,0UH\y\^^), 

as follows. The first step is to make sure that the two triads are over the same group ring. 
Pick a representative in the equivalence class of each of the triples on the right hand side 
which satisfy gi = (1,0) and g[ = (1,0^) respectively. It was explained how to achieve 
this, with the application of inner automorphisms of Z K H and Z x H^ , in the proofs of 
Propositions 12.6 1 and 13.5] Now define H^ := H ® H^ . We use the homomorphisms 

ztKH -^ ZK(Feijt); 

{n,h) ^ {n,{h,0^)) 
and , , . 

zxift -^ zx(i7eijt); 

(n,/it) ^ (n, (0,/it)) 

to form the tensor products Z[Z x H^ ®z[Zv.H] y ^"^^ ^[^ ^ ^^ ®z[ZikH^ 3^^; so that both 
symmetric Poincare triads are over the same group ring. This will be assumed for the rest 
of the present definition without further comment. 

The next step is to exhibit a chain equivalence u: C^ — > C. We show this for the models 
for each chain complex from Definition 13.31 since any C, C^ which can occur is itself chain 
equivalent to these models. In fact, for the operation of connected sum which we define 
here, we describe how to add our two symmetric Poincare triads y and y^ using the models 
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given for i±: {C,(pc) -^ {D±,Slp±) and i^.: {C^,(p(^t) — > (-D±, (^(/j!^) in Definition 13.31 since 
there is always an equivalence of symmetric triads mapping to one in which C, C^ and D]j_ 
have this form, by definition. Note that, to achieve this with gi = (1, 0) = gl, we may have 
to change the isomorphisms ^ and S,^ as in the proof of Proposition [ 
The chain isomorphism z^ : C* — )■ C* is given by: 



02 ^[^ 




Z[Z X H^ 


1 \ 


V gl-l ) 




( ^ ° 


{liyHa ) 

02 ^[2 


( gi-i \ 
' A gq-l J 

^X^r -02 


Z[I 


i {liyHa 

: X H^. 



In order to see that these are chain maps we need the relation ^j = (71 G Z x H^ which, 
since by definition g^ = l^^giL and gl = {lly^glll implies that gq = la^ligq{li)~^la- We 
can also use this to calculate that i'{ip^ © —ip^)u* = 99 © —if. Recall that we also have a 
chain isomorphism zu : D'_ = Z)_ — )• D^ . 

We now glue the two symmetric triads together. The idea is that we are following the 
geometric addition of knots, where the neighbourhoods of a chosen meridian of each knot 
get identified. We have the following diagram: 




{D_,0 = 6^^) 



(y,cD 



^ = ^c)^ (Ct, (^t © _(^t = ^c,)X {dI, = 6ipl) 



{D+,0 = 5^+)^ 



{Dl,0 = S^ 




/I 



(yt,$t) 



where the central square commutes. We then use the union construction from [RanSOl 
Part I, pages 117-9] to define y^: 



so that 






^{Di,6^pi 



fl 



-^{yK<^^); 



OV\ 



{Di,5^^_) := (D-,<5(^_ = 0); {dI,6^\) := ^^,5^ = 0); 



(yt, $t) := C^((-/+ o w, f^_f -.dI^y® y^), a> U. t ^^) 



lyt .- 



Y,^:=Yr®{Dl)r-i(BY^^ 

dy {-Iff+ow 
d^t 

(-l)^~Vl d 




fi:={ f- )^ : {Dl)r = {D^)r ^ Y,^ = y, © {Dl)r-i © YJ; 



14 



MARK POWELL 



fi = ( fl) : {Dl)r = {Di)r ^ y; = y, © iDl)r-i © y;; 



$i:=($U. t ^^) 



S<pl 



^.0 

$1 



(Yty 



3~r+s 



Y 



3-r+s 



®{D 



t \2~r+t 



©(yt) 



3— r+s 



y; = y^ © (i?l)^„i ©y; (o < s < 3); 



•,t - 



g o i. (-i)-+iiL ^t ) : = ct ^ y^, = Yr+i © (d1). © y,Vi. 



The mapping cone is of the chain map (— /+ o w, f_)'^, with a minus sign to reflect the 
geometric fact that when one adds together oriented knots; one must identify the boundaries 
with opposite orientations coinciding, so that the resulting knot is also oriented. 



We therefore have the chain maps il_, given by: 

'51-1 



ni = D. 



Z[Z X Hi] 



• Z[Z K H^ 



J' =l_OU 



{IL 



1 

t^-l 



Ct = Ct 02 Z[Z K H^ 



i{ 



t^-l 



9l-l 



gl-i 



02 Z[Z K H^ 



t^-l 



D'=D^, 



Z\Z x H^ 



gl-i 



i{ 



Z[Zk H^, 



h-i 



which means we can take gl := gl = gi G Z :< H'^ = Z tK {H Q H"^), /I := /I G Z k H^ and 
ll '-=11 € Z tK H^, so that gl := gl G Z iK H^. We have a chain isomorphism vj^ : D_ = 
D_ — > L''|_. To construct a chain homotopy fi^: (0,0,/^ o w^)'^ ~ (/_,0,0)-^ we first use 
fl' : (0, 0, f\^ o zu') ~ (0, 0, /I) . We then have a chain homotopy given by: 

(0, Id, 0)^ : (L'l)o ^ yI = n © (1)1)0 ® ^^7 and 

(0, - Id, 0)^ : {dI)i ^ y2^ = ya © (d1)i © y2^ 

which shows that 

iO,Ojif^iUow,0,Of:Dl^'^ii-Uowjif). 
We finally have /z : (/+ o ro, 0, 0)-^ ~ (/_, 0, 0)-^. Combining these three homotopies yields 

/it:(0,0,/|oti7tf =.(/_,0,0f. 
This completes our description of the symmetric Poincare triad 
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Finally, easy Mayer- Vietoris arguments show that /^ : i^*(Z)j_; Z) ^ if*(y^; Z) are isomor- 
phisms and that there is a consistency isomorphism 

which shows that the consistency condition is satisfied and defines the third element of the 

This completes the definition of the addition of two elements of V. D 

Proposition 3.8. The sum operation '^ on V is abelian, associative and has an iden- 
tity, namely the triple containing the fundamental symmetric Poincare triad of the unknot. 
Therefore, {V, Jt) is an abelian monoid. 

Let "Knots " denote the abelian monoid of isotopy classes of locally flat oriented knots in 
S^ under the operation of connected sum. Then the function Knots -^ V from Proposition 
becomes a monoid homomorphism. 



Proof. The reader is referred to jPowlH Proposition 6.8] for the proof of this proposition, 
which is too long for the present paper, and is relatively straight-forward. It is hopefully 
intuitively plausible, given that our algebraic connected sum so closely mirrors the geometric 
connected sum, that our addition is associative, commutative, and that algebraic connected 
sum with the symmetric Poincare triad ({0},3^^,Id) associated to the unknot produces an 
equivalent triad. D 

4. Algebraic Concordance 

In this section we introduce an algebraic concordance relation on the elements of V which 
closely captures the notion of (1.5)-solvability, in the sense that the Cochran-Orr-Teichner 
obstructions vanish if a knot is algebraically (1.5)-solvable (Definition 14. 3p which in turn 
holds if a knot is geometrically (1.5)-solvable. 

We proceed as follows. Given two triples {H,y,^), {H^ ,y^ ,^^) E V, we formulate an al- 
gebraic concordance equivalence relation, modelled on the concordance of knots and corre- 
sponding to Z-homology cobordism of manifolds, with the extra control on the fundamental 
group which is evidently required, given the prominence of the Blanchfield form in |COT03j 
when controlling representations. We take the quotient of our monoid V by this relation, 
and obtain a group AC2 '.= V / ~. Our goal for this section is to complete the set up of the 
following commuting diagram, which has geometry in the left column and algebra in the 

right column: 

Knots s- V 




where Knots is the monoid of geometric knots under connected sum and C is the concor- 
dance group of knots. We shall first define our concordance relation, and show that it is 
an equivalence relation. We will then define an inverse —{H,y,^) of a triple [H,y,^), and 
show that (F,3^,0tt - {H,y,0 ~ ({0},3^^,Id|o}), where ({0},3^^,Id{o}) is the triple of 
the unknot, so that we obtain a group AC2. 

Proposition 4.1. Two knots K and K' are topologically concordant if and only if the 

3-manifold -i^ -^ . 

Z := X[Jqx=s^xS^ S ^S X lUgiy^si^Qxt -X' 

is the boundary of a topological 4^-manifold W such that 
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(i): the inclusion i: Z ^^W restricts to Z-homology equivalences 

H4X;Z) ^ H4W;Z) ^ H^X^-Z); and 

(ii): the fundamental group tti{W) is normally generated by a meridian of (either of) 
the knots. 

We omit the proof of this proposition, which is well-known to the experts, and refer the 
interested reader to [Powlll Proposition 8.1] 

We need to construct the algebraic version of Z from two symmetric Poincare triads 3^ 
and y' so that we can impose conditions on the algebraic 4-dimensional complexes which 
have it as their boundary. As part of the definition of a symmetric Poincare triad y over 
Z[ZiK H] (Definition [ 






f- 



/+ 



we can construct a symmetric Poincare pair 

{r]:E:=D^[JcD+^Y, ($, 6^. U^^ 6^+)) 
where 



v = {f-, (-1) 



r-l 



9' 



-/+ ):Er = (D_ 



a 



r-l 



(D 



+ )r 



Yr. 



In our case of interest, E, for the standard models of C, D±, is given by: 



d2 



E2 = 02 Z[Z K i7] -^ ^1 ^ 04 Z[Z X i?] ^ ^0 = 02 ^[^ X H], 



where: 



di 



/ 91-1 


\ 


1 


la 


la' 


1 


\ 


5g-l / 



; and 82 



-1 gi-1 




59 - 1 



-la 
-1 



with (in: E"^-"" -^ Er-. 



E^ 



Si 



00 



E2 



d2 



E^- 

■Ei- 



& 



E' 



Eq 



given by: 
©2 



X H] 



h 



©4 



-1 la 




02 Z[Z X H] 



82 



X H] 



( gi 





V 



52 



©2 



- 04 Z[Z X H] 



-la9q ^^ 

la 

-1 

y 

di 



©2 



kH] 



gila 
-<7, 



kH]. 



We have replaced /^ with la here. Note that the boundary and symmetric structure maps 
still depend on the group element la- The next lemma shows that, over the group ring 

Z[Z X {H © H'^)] = Z\L X ff^], the chain complexes -E, E'^ of the boundaries of two different 
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triads 3^, 3^^^ are isomorphic. It is used to construct the top row of the triad in Definition 
K3[ 



Lemma 4.2. There is a chain isomorphism of symmetric Poincare complexes: 



we: Z[Z >< H^ (^zizkH] E ^ Z[Z ^ H^] 

02 ^ di 



Z[ZKHt] 

Eo 




omitting Z[Z x H^C 
by: 



;[ZtKH] '^iT'd ^[^ X -H'"'"]®z[ZK_ffti from the notation of the diagram, given 



1 



02 T^ 



-1 

-la' 



91-1 -la 

9g-l -I 



1 







l-'Va 



1/t 



^10 

1 

i~Hi 

V 



04 Tt 



V 



la' 







la 

1 

9g-l J 



02 T^^ 



'a '■a I 



1 

l-Hi 



02 T* 



\Va 



1 

t^-l 



^I 



-li 



9\ 



04 Tt 



/.I 







1 

1 

t^-l 





ll 
1 



02 Tf'* 



^J-iy 



w;/iere T* := Z[Z x il*]. 

Proof. To see that w^; is a chain map, as usual one needs the identities: 

la9qla' = 9l = 9l = llglill)'' ■ 

The maps of we are isomorphisms, and the reader can calculate that we4>'^*e ~ ^^- Note 
that this proof relies on the fact that lah = 1 and would require extra control over the 
longitude if we were not working modulo the second derived subgroup, but instead were 
only factoring out further up the derived series. D 

Definition 4.3. We say that two triples (iJ, 3^, ^), (1/1^,3^"^,^"^) G V are second order alge- 
braically concordant or algebraically (1.5) -equivalent, written ~, if there is a Z[Z] module H' 
of type K, that is H' satisfies the properties of (a) of Theorem 13. 11 with a homomorphism 

which induces homomorphisms 

Z[Z X if ] ^ Z[Z X H'] and Z[Z x H^] -^ Z[Z x H'], 

along with a finitely generated projective Z[Z x /f']-module chain complex V with structure 
maps O, the requisite chain maps j,j^,S, and chain homotopies 7,7^, such that there is a 
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4-dimensional symmetric Poincar4J triad: 

(Z[Z X H'] ® [E, 0)) e (Z[Z K H'] (g 



(Id,Id®ro„t) 

(El -,/.t)) ^ ^ Z[Z X H'] (g) (E, 0) 



Id(g)r/ 
Id (g)?7'f 



(7,7' ) 



{z[z K F'] ® (y, $)) e (z[z x h'] o (yt, _$t)) 



(jjt) 



(^,e), 



which satisfies two homological conditions. The first is that: 

j: H^{Z (S>z[Zt<H'] (^[^ X H'] (E>z[Zt<H] Y)) ^ ^*(^ (^z[Zt<H'] V) and 
jt : H,{Z ®z[Z^H'\ (Z[Z X H'] ®z[Z^H^ y^)) ^ H,{Z ®z[Z^H'\ V) 

are isomorphisms, so that H^{'L®z[Zt<H'] ^) — H^,{S^; Z). The second homological condition 
is the consistency condition, that there is a consistency isomorphism: 

e':if'^ifi(Z[Z]®^[^,^,]y), 

such that the diagram below commutes: 



H®H^ 



(ibj'b) 



H' 



e 

^t 



H^{z[n ®z[i..H] y) e H^inn (^m-.H^ y^) 



Id, 



J*Ji) 



c 



Hi{z[n ®z{i.v^H'] y)- 



We say that two knots are second order algebraically concordant if their triples are, and 
we say that a knot is second order algebraically slice or algebraically {1.5)-solvable if it is 
second order algebraically concordant to the unknot. D 

Remark 4.4. In what follows we frequently omit the tensor products when reproducing 
versions of the diagram of the triad in Definition 14.31 taking as understood that all chain 
complexes are tensored so as to be over Z[Z ix H'] and all homomorphisms act with an 
identity on the Z[Z x H'] component of the tensor products. 



Definition 4.5. The quotient of V by the relation ~ of Definition 14.31 is the second order 
algebraic concordance group AC2- See Proposition 14. 71 for the proof that ~ is an equivalence 
relation and Proposition 14.91 for the proof that AC2 is a group. D 

Proposition 4.6. Two concordant knots K and K' are second order algebraically concor- 
dant. 

We postpone the proof of this result: Proposition 14.61 is a corollary of Theorem 15.11 See 
[PowlH Proposition 8.6] for a proof of this special case. 

Proposition 4.7. The relation ^ of Definition \4.^ is an equivalence relation. 

Proof. We begin by showing that ~ is well-defined and refiexive: that {H, y, ^) ~ {H'^,y'^,^yo), 
where {H,y,^) and (i?'°,3^'%^%) are equivalent in the sense of Definition 13.41 This is the 
algebraic equivalent of the geometric fact that isotopic knots are concordant. Suppose 
that we have an isomorphism to: H ^ H'°, and a chain equivalence of triads j: Z[Z x 



H' 



IkH] 



y — )• y'°^ such that the relevant square commutes, as in Definition 13.41 (see 



The top row is a symmetric Poincare pair by Lemma l2.4p 
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below). To show reflexivity, we take H' := H"'^", and take (jb, Jb) = (^^ M): H® H"^" -> H"'^" 
and {V, O) := {Y'^,0). We tensor all chain complexes with Z[Z k H ], which do not already 
consist of Z[Z X ff '"]-modules. We have, induced by j, an equivalence of symmetric Poincare 
pairs: 

UeJy; k) : (Id 0r? : Z[Z x H^'] ^^[z,^] £; ^ Z[Z x H^"] ®v^^^h\ Y) ^ (^^" : i^^" ^ >^^°), 

where /c: ?? j_B ~ jV?? is a chain homotopy (see |Ran801 Part I, page 140]). We therefore 
have the symmetric triad: 



X R 



%l 



(^'^L^M^{E,<^)®(W\-<^ 



A%^ 



Ob, Id) 



Id(g)r/ 

T]^" 

(y,$)e(y^",-$'^") 



Or, Id) 



(ii;%,o) 



(y%,o). 



The proof of Lemma [2.41 shows that this is a symmetric Poincare triad. Applying the chain 
isomorphism w^% : E^° ^ Z[Z x H^"] ®i[i.<kH] E to the top right corner produces the triad: 



Id^-q 
rf' 

(y,$)©(y^%-$^") 



% 



/>^°/'^-"°^""-:"\z[Z X /?% 



Or, Id) 



r;°''°o(ro^%)-i 

(y%,o), 

as required. The homological conditions are satisfied since the maps j,j^ from Definition 
14.31 are chain equivalences and the chain complex V = Y"' . The consistency condition is 
satisfied since the commutativity of the square 



H 



« 



j* 



H 



% 



H, 



<H% 



Y 



%\ 



which shows that {EL^y^^ and (i?^ , 3^ , ^%) are equivalent in the sense of Definition [3 
extends to show that the square 



H®H' 



(w,Id) 



ffVo 



e 

e 



% 



%> 



(>,Id.) 



-ifi(z[z]02K,^,,y 



%\ 



is also commutative. Therefore Definition 14.31 is satisfied, so ^ is indeed a reflexive relation. 
It is easy to see that ^ is symmetric; we leave the straight-forward check to the reader. 

To show transitivity, suppose that {H,y,Cj ~ (^^3^^C'^) using (jbii^): H ® H'^ ^ H', 
and also that (iJt,3;t^^t) ^ (ift,3;t,^t)^ using (jIjI): H^ ® H^ ^ W, so that there is a 
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diagram of Z[Z x i^']-niodule chain complexes: 

(i?t,0t)e(i^t,_^1:)_ 
.t 



(Id,ro^j) 



T]' 

r]^ 



(yt,$t)®(yt,_$t) 






{E\0) 



{v,e). 



In this proof the bar is a notational device and has nothing to do with involutions. To show 
that {H,y,^) ~ {H'^ , y'^ , ^^) , first we must define a Z[Z]-module H' so that we can tensor 
everything with Z[Z >< H']. We will glue the symmetric Poincare triads together to show 
transitivity; first we must glue together the Z[Z]-modules. Define: 

a, J) :H(BH^^W:= cokei{{jl -J) : H^ ^ H' ® h'). 
Now, use the inclusions followed by the quotient maps: 



H' ^ H' ®H' ^ H' and H' ^ H' ® H' 



H' 



to take the tensor product of both the 4-dimensional symmetric Poincare triads which show 
that {H,y,C) ~ {H^y^^^), and that {H,y^,^^) ~ {H^y^,^^), with Z[Z x W], so that 
both contain chain complexes of modules over the same ring Z[Z x H']. Then algebraically 
gluing the triads together, as in [RanSH pages 117-9], we obtain the 4-dimensional sym- 
metric Poincare triad: 



{£,(!>) ®{Et,-ct>^) 



rj 
r?t 



(y,$)©(yt,-$t) 



/Id \ 


V SlEt J 



/7 \ 
_0_ 

V ? j 



/i \ 

_0_ 

V jt j 



{E, -0 U^t 0) 

= 77+ _ 

V (-i)'^-V ^ / 
(F,e). 



where: 



E := '^{{we^ , Id)^ : # ^ ^ © ^t). 

V:='^[(j\]if: Y^ ^V®V); and ^ := G U$t ©• 
We need to show that this is equivalent to a triad where the top right term is {E, 0). First, 
to see that E c^ E, the chain complex of E is given by: 

^T _ _ 



4 



'^EU 



d 



'Et: 



Id 



E2 



^El 



E. 



t ^f. 



^1 



t t Sf 
El © El -^ 



Eq®EI^ 



where: 



af 




; and df 



Be TUEi 
Id 5^t 
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It is easy to see that the chain map: 

I/' := ( Id , , -tz7£;t ) : Er® £^,Li ® eI -> Er 
is a chain equivalence, with chain homotopy inverse: 

u'^^:={ld, 0, 0f:Er^Er(BEl_^eEl. 
We therefore have the diagram: 




{E,0) 



(E, 



(E^-cpt) 



\ w^t I = 
'-^{E,-OU^, 



(y,$)e(yt,-$t) 



(^,e). 




The top triangle commutes, while the bottom triangle commutes up to a chain homotopy 
k': k' gets composed with 7 to make the new triad. Furthermore, z^'(— Uj,t 0)i^'* = 0, so 
that we indeed have an equivalent triad with the top right as {E,0). 

To complete the proof, we need to see that the consistency condition holds. The following 
commutative diagram has exact columns, the right hand column being part of the Mayer- 
Vietoris sequence. The horizontal maps are given by consistency isomorphisms. Recall that 

H' := coker((j^, —j^) '■ H' -^ H' ®H ). All homology groups in this diagram are taken with 
Z[Z]-coefficients. 



H^ 



e 



H'eH 



e 

e 



e 
H®Hi ^^ Hi{Y) e Hi{Yi) 



Hi{Y^) 



Hi{V)eHi{V) 



H' 



i' 



Hi{V) 
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The diagonal dotted arrows are induced by the diagram, so as to make it commute. The 
horizontal dotted arrow H' — ;• i/i(Z[Z] (8)„r„ =, V) is induced by a diagram chase: the 

quotient map H' (B H' —^ H' is surjective. We obtain a well-defined isomorphism 



^': H' ^ Hi{Z[Z] 



w.n 



ItxH' 



The commutativity of the diagram above implies the commutativity of the induced diagram: 

H®H^ ^ IP 



e 

c* 



i7i(Z[Z] ®^[^,^] Y) © H^{Z[Z] 0^[^,H] Y^) 



«' 



i7i(Z[Z]®^[^,^,]F). 



This completes the proof that ~ is transitive and therefore completes the proof that ~ is 
an equivalence relation. D 

Definition 4.8. Given an element (i?, 3^, ^) G 'P, choose a representative with the boundary 
given by the model chain complexes. 



(C,^ 


0_^) 


^{D- 


-,0) 


{D- 


3 

hO) '^ 


-^{y, 


/- 

CD). 


The following is also a symmetric Poincare triad: 




(C, -if © ^) ^— 


-P-,0) 


/ 7-\ 









P+,0) 



-^{Y,-'^), 



which define as the element —y. This is the algebraic equivalent of changing the orientation 
of the ambient space and of the knot simultaneously. The chain equivalence: 



la 




l: 



G,; > C,: 



for i = 0, 1 sends (p (B —if to —(f (B (f and satisfies i± o <; = ij-. We can therefore define the 
inverse —{H,y,^) G P to be the triple {H,—y,^), where —y is the symmetric Poincare 
triad: 



(C, if © -c^) 

i+ 

\ 

{D+,0) 



/+ 



-P-,0) 

/- 



Summarising, to form an inverse we replace g with g o <^, and change the sign on the 
symmetric structures everywhere but on C in the top left of the triad. D 
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(Z?_,0) 



(D_,0) 



iDl,0) 



(y,$) 



{C,ip@-ip) 



{V,Q) 



(Ct,(^t©_^t) 



(yt,_a>t) 




(^+,0) 




P+,0) 




(Dlo) 



Figure 1. The cobordism which shows that y ^ y^ . 




Figure 2. The cobordism which shows that yi — 3^^ ~ 3^ 



u 



Proposition 4.9. Recall that ({0},3^^,Id|o|) is the triple of the unknot, and let {H,y,^) 
and {H\y' ,^^) be two triples in V . Then 

{H,y,i)^ - {H\y\£}) ~ ({o},3;^,id{o}) 

if and only if (H, y, ^ - (i/t, J^t, ^t). 



Proof. We omit the proof of this result, and instead refer the reader to jPowlH Proposi- 
tion 8.10]. It is hopefully intuitively plausible, given that two knots K,K^ are concordant 
if and only if i^T ji — KHs slice. See Figures [T] and [5J D 

Proposition 14.91 completes the proof that we have defined an abelian group. 
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5. (1.5)-SoLVABLE Knots are Algebraically (1.5)-Solvable 

This section contains the proof of the following theorem. 

Theorem 5.1. A {1.5) -solvable knot is algebraically {1.5) -solvable. 

We begin by recalling the definition of (n)-solubility. We denote the zero framed surgery 
on a knot K by Mk- 

Definition 5.2. |COT03l Definition 1.2] A Lagrangian of a symmetric form A: P x P ^ R 
on a free -R-module P is a submodule L C P of half-rank on which A vanishes. 

For n G No := N U {0}, let A„ be the equivariant intersection pairing, and Hn the self- 
intersection form, on the middle dimensional homology H2{W;'Ij[7ri{W) /7ri{W)^^']) of the 
covering space W^^' corresponding to the subgroup tti{W)^^' < 7ri{W): 

A„: i?2(VF;Z[7ri(VF)/^i(W^)(")]) x H2{W;Z[7ri{W)/7ri{W)'''''>]) -^ Z[iri{W)/7ri{W)''''^]. 

An (n)- Lagrangian is a submodule of H2{W;Z[-ki{W)/tti{W)^"'']), on which A„ and fin 
vanish, which maps via the covering map onto a Lagrangian of Aq- 

We say that a knot K is {n) -solvable if the zero framed surgery Mk bounds a topological 
spin 4-manifold W such that the inclusion induces an isomorphism on first homology and 
such that W admits two dual (n) -Lagrangians. In this setting, dual means that A„, pairs 
the two Lagrangians together non-singularly and their images freely generate H2{W;'Z). 

We say that K is (n. 5) -solvable if in addition one of the (?i)-Lagrangians is the image of 
an (n + 1)-Lagrangian. D 

An (n)-solution W is an approximation to a slice disc complement; if K is slice then it is 
(n)-solvable for all n, so if we can obstruct a knot from being (n)- or (n.5)-solvable then in 
particular we show that it is not slice. 

It is an interesting question (Question II. 2p to wonder whether the converse of Theorem 
15.11 holds. At present, AC2 does not capture the subtle quadratic refinement information, 
encoded in /X2 , which is part of Definition 15. 2[ Until the construction of AC2 is improved so 
as to take the self intersection form into account it is unlikely that the converse to Theorem 
15.11 should hold. Perhaps rationally there is more hope. 

The idea of the proof of Theorem 15.11 is as follows. The Cappell-Shaneson technique 
|CS74j looks for obstructions to being able to perform surgery on a 4-manifold W whose 
boundary is the zero framed surgery Mk, in order to excise the second Z- homology and 
create a homotopy slice disc exterior. The main obstruction to being able to do this surgery 
is the middle-dimensional intersection form of W, as in the Cochran-Orr-Teichner defini- 
tion of (n)-solubility. However, even if the Witt class of the intersection form vanishes, 
with coefficients in Z[7ri(T^)/7ri(VF)^^^] for testing (1.5)-solubility, this does not imply that 
we have a half basis of the second homology H2(W;'Z[7ri{W)/7ri{W)^'^']) representable by 
disjointly embedded spheres, as our data for surgery: typically the homology classes will be 
represented as embedded surfaces of non-zero genus, whose fundamental group maps into 
7ri[W)^^' . We cannot do surgery on such surfaces. 

However, the conditions on a (1.5)-solution are, as we shall see, precisely the conditions 
required for being able to perform algebraic surgery on the chain complex of the (1-5)- 
solution. The (1.5)-level algebra cannot see the differences between (2)-surfaces and spheres, 
so that we can obtain an algebraic {1.5) -solution V. 

In particular, the existence of the dual (l)-Lagrangian allows us to perform algebraic 
surgery without changing the first homology at the Z[Z] level, therefore maintaining the 
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consistency condition. When performing geometric surgery on a 4-manifold W along a 2- 
sphere, we remove S*^ x D^ and glue in D^ x S^. Removing the thickening D^ potentially 
creates new elements of Hi{W;Z[Z]). However, the existence of a dual surface to the S"^ 
which we remove guarantees that the boundary S^ of the thickening D^ bounds a surface 
on the other side, so that we do not create extra 1-homology. This phenomenon will also 
be seen when performing algebraic surgery; as ever, the degree of verisimilitude provided 
by the chain level approach is somewhat remarkable. 

Definition 5.3. An n-dimensional symmetric complex (C, (/? S Q^{C,e)) is connected if 
Ho{ipQ: C"*"* — 7> C*) = 0. An n-dimensional symmetric pair (/: C ^>- D, {Sip, ip) € (5"(/, e)) 
is connected if Ho{i5ipo,ipof*f : D""* -^ ^(/)*) = 0. D 

Definition 5.4. |Ran801 Part I, page 145] Given a connected n-dimensional symmetric 
chain complex over a ring A, (C, ip € Q^{C, e)), an algebraic surgery on (C, 99) takes as data 
a connected {n + l)-dimensional symmetric pair: 

{f:C^D,{6ip,p)GQ^+\f,e)). 

The output, or effect, of the algebraic surgery is the connected n-dimensional symmetric 
chain complex over A, {C',p' G Q^{C',e)), given by: 

/ dc (-l)"+Vo/* 
dc = (-l)V dD i-iySipo 
V {-IY5d 

with the symmetric structure given by: 
ipo 

vo = I i-ir~'"fTeipi {-ir-'T,5pi 

1 

= Cr®Dr+i®D^-''+^- and 
' 

\ 0/ 

Cr © Dr+l © D"-^+l 

for s > 1. D 

The reader can check that d^, = and that {p'g} € Q^{C',e). Algebraic surgery on a 
chain complex which is symmetric but not Poincare preserves the homotopy type of the 
boundary: see [RanSOl Part I, Proposition 4.1 (i)] for the proof. 

Definition 5.5. The suspension morphisni S on chain complexes raises the degree: {SC)r = 
Cr-i; dsc = dc- □ 

Proof of Theorem \5.1\ We need to show that the triple {H ,y ,^ ) of a (1.5)-solvable 
knot K, with a (1.5)-solution W, is equivalent to the identity element of AC2, which is 
represented by the triple ({0}, J''^,Id{o}) corresponding to the unknot. 

The chain complex Nk '■= E^ U^jx^^u Y^ (BY^ is chain equivalent to the chain complex 
C*(Mft:; Z[Z X Hi{Mk;'Z[7j])]) of the second derived cover of the zero framed surgery on K. 
Our first attempt for a chain complex which fits into a 4-dimensional symmetric Poincare 
triad as required in Definition 14.31 is the chain complex of the second derived cover of the 
(1.5) solution W 
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{V',e') := {a{W;Z[Z x Hi{W;Z[Z])]),\A{[W,Mk])), 
H' := 7ri(VF)(^V7ri(VF)(2) ^ Hi{W;Z[Z]), 

77^ 



so that 

and we have the triad 



jf 

{Y^, $^) e (y^, -$^) " " ^ . {V, &), 

with a geometrically defined consistency isomorphism 

H' ^ Hi{W;Z[Z]) = Hi{Z[Z] ®z[ZkH'] V). 

The problem is that H2{W;Z) is typically non-zero: if it were zero, we would have our 
topological concordance exterior and in particular K would be second order algebraically 
slice. We therefore need, as indicated above, to perform algebraic surgery on V' to transform 
it into a Z-homology circle. We form the algebraic Thom complex (Definition 12. ip : 

aiW, Mk; Z[Z >< H']) ^V:= ^((5, (-1)^^^^^ (-ir S"", -j"", -f) : 

{NK)r = E^ (B E^^^ e £;^^_i e rf e y^ -^ v;), 

with symmetric structure := &' /{O U^kq_^u ^^ © — $^). In this section the bar is again 
a notational device and has nothing to do with involutions. 

This gives us the input for surgery, since the input for algebraic surgery must be a 
symmetric chain complex. Next, we need the data for surgery. 

As in the proof of |COT03l Proposition 4.3], any compact topological 4-manifold has 
the homotopy type of a finite simplicial complex: see |KS771 Annex B III, page 301]. In 
particular this means that H2{W;Z) is finitely generated. We therefore have homology 
classes l[,...,l'f^ € H2{W;Z[Z k H']) which generate the (2)-Lagrangian whose existence 
is guaranteed by definition of a (1.5)-solution W. There are therefore dual cohomology 
classes li,...,lk G H'^{W,Mk','Z['Z x H']), by Poincare-Lefschetz duality. Taking cochain 
representatives for these, we have maps li: V2 ^ "^[Z ^ H']. We then take as our data for 
algebraic surgery the symmetric pair: 

iJ-.V^B := 5^(0 Z[Z K H']), (0, 9)), 
k 

^^'"' 7={h,...,kf:V2^B2 = ^Z[Z^H']. 

k 

The fact that the li are cohomology classes means that kdy = 0, so that / is a chain map. 
The requirement that the l'^ generate a submodule of H2{W; Z[Z x H']) = H2{V') on which 
the intersection form vanishes means that the duals li generate a submodule of H^{V) on 
which the cup product vanishes. The cup product of any two li, Ij is given by: 

Alik (^1,){[W,Mk]) = {k(E)lj){Ao{[W,MK])) = {li^lj)eo, 

which under the slant isomorphism is /jOq^J, and so we see that each of these composites 
vanishes. 

The only possibility for non-zero symmetric structure in the data for surgery would arise 
when s = n — 2r — 1 = 4 — 2-2 — 1 = —1, so no such non-zero structure maps exist. 
Therefore the condition for our data for surgery to be a symmetric pair is that / @of = 0; 
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which is the condition that the k x k matrix with (i,j)th entry liQ^l*, is zero. This is 

satisfied as we saw above, since IiQqK : Z[Z x H'] -^ TL\L x }i'\ is a module homomorphism 
given by multiphcation by the same group ring element as the evaluation on the relative 
fundamental class [TV, Mk\ of the cup product of two cohomology classes dual to the (2)- 
Lagrangian, and so equals the value of A2(/^, /'-■)• This means that we can proceed with the 
operation of algebraic surgery to form the symmetric chain complex (y, O), which is the 
effect of algebraic surgery, shown below. We may assume, since P^ is a 4-manifold with 
boundary, that we have a chain complex V whose non-zero terms are Vq,V{,V2 and V^. 
The non-zero terms in V will therefore be of degree less than or equal to four. 

The output of algebraic surgery, which we denote as {V, @) is then given, from Definition 
Saiby: 



F° 



rl* 



v' 



B' 



( ^ 7* ) ^ 



V 






Bo 



d^ 



W 



On 



Go 
1 



eo 



en 



eo_ 

-fTQi 



V4 



^V3®B' 







-So/ 



V2 



V^ ®Bo 



dy 
f 



dy 



Vo- 



The higher symmetric structures Qs ai^e just given by the maps Qg for s = 1,2,3,4 except 

for the map: _ „ 

ei = (Gi, -fTQ2) ■.V^^Vi®B2. 

Next, we take the algebraic Poincare thickening (Definition 12. ip of V to get: 

iy: dV ^V^~\ 
where, as in Section [21 we define the complex V'^~* by: 

with boundary maps d* : {V^~*)r+i —5- {V^^*)r given by d* = {—lY~^^dy, where dy is the 
coboundary map. By [RanSOl Part I, Proposition 4.1 (i)], the operation of algebraic surgery 
does not change the homotopy type of the boundary. There is therefore a chain equivalence: 

{Nk,o u^k^.^u a>^ e -a>^) ^ {dv, 96), 

so that using the composition of the relevant maps in: 



Nk = E^ Uek^eu y^ e Y^ 



dV ^V 



4—* 



we again have a 4-dimensional symmetric Poincare triad: 



(y^,$^)®(y^,-$^) 



--.u\ 



{V^-*,Q). 



28 MARK POWELL 

To complete the proof we need to check the homology conditions of Definition 14.31 namely 
that y^~* has the Z-homology of a circle and the consistency condition that there is an 
isomorphism C' : H' ^ Hi{Z[Z] «)z[Zk//'] V^'*). We have: 

Hi{Z ^^z^H'] V^-*) = H\Z ®z[ZkH'] V) ^ H\W, Mk; Z) ^ H^iW- T) ^ 0, and 

i^o(Z 05z[ZkH'] y^~*) = H\Z ®z[ZKi^'] V) ^ H\W, Mk; Z) ^ Ho{W; Z) ^ Z, 

as required. For each basis element (0, . . . , 0, 1, 0, . . . , 0) G B^, where the 1 is in the ith 
entry, we have, for v G V2, 

7*(o,... ,0,1,0,. ..,o)W = (0,... ,0,1,0,... ,o)7(y) 

= {0,..., 0,1,0,..., 0){h,...,h)'^{v)=k{v). 

This means, since no k lies in the image of dZ^: V -^ V , that the kernel ker((di^, f ): V ® 
B^ — )■ y ) is isomorphic to ker((ii^: V — )• y ), so that: 

^3(Z ®z[ZkH'] y^"l = H\Z ®z[ZkH'] V) ^ H\W,Mk;Z) ^ 0. 

Also, since the li are in the image of / , they are no longer cohomology classes of V'^~* as 
they were of V. 

At this point we need the dual classes; recall that we have, from Definition \5.2\ classes 
d[, . . . ,d'f, € H2{W; Z[Z]), whose images in H2{W; Z) we also denote by d[, . . . , d'^, which 
satisfy \i{l[,d',) = 5ij. We therefore have, by Poincare-Lefschetz duality, classes: 

di,...,dk&H''{W,MK;n 



— 2 
with representative cochains which we also denote di, . . . ,dk ^V . 

Since, as above, the intersection form is defined in terms of the cup product, we have, 

over Z[Z] and Z, that: 

k&ld* = 6ij. 

We can use Gq = TBq instead of ©o to calculate the cup products due to the existence of 
the higher symmetric structure chain homotopy ©i. Then 

-Jelid,) = -7eld*ii) = -iheld*ii),...,held*ii)f 

= -(0,...,0,l,0,...,Of = -ej, 

where the 1 is in the jth position, and for j = 1, . . . ,k we denote the standard basis vectors 
by Cj := (0, . . . , 0, 1, 0, . . . , 0)"^ € B2. This means that the dj are not in the kernel of — /©q. 
Then, since dZ^{dj) = as the dj are cocycles in V, we know that the dj are no longer 
cohomology classes in H2(ZiSiz[ZkH'] V^~*). The group H'^iZ^^^i^fji^ V) was generated by 
the classes h, . . . ,lk,di, . . . ,dk, which means that we now have H2{'Z ^zizkH'] V^~*) = 0. 



Moreover, over both Z[Z] and Z, taking the element D := Yli=i ^j'^ji ^^ ^^y elements 

oi, . . . , ttfc € Z[Z], we have that: 

k k 

-Jeli-D) = Y, a,{7eld*{i)) = J2 «.e, G B2. 

This means that — /©q is onto i?2- Therefore: 

HiiZ ®zfZK//'i V^-*) ^ H\Z ^zfZxH'i V) ^ H\W, Mk; Z) ^ Hi{W; Z) ^ Z, 
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SO the first homology remains unchanged at the 7L level as required. Similarly, with Z[Z] 
coefficients, we have the isomorphisms: 

H' ^ Hi{W;Z[Z\) ^ H'\W,Mk]I^[I^]) 

which define the map , , ^ . 

so that the consistency condition is satisfied. Since H' is isomorphic to the Z[Z]-homology 
of a finitely generated projective module chain complex which is a Z-homology circle, we 
can apply Levine's arguments |Lev771 Propositions 1.1 and 1.2], to see that H' is of type 
K. This completes the proof that (1.5)-solvable knots are second order algebraically slice, 
or algebraically (1.5)-solvable. D 

Theorem 15.11 shows that the homomorphism from C to AC2 factors through -7^(i,5) as 
claimed. 

6. Extracting first order obstructions 

In this section we obtain a surjective homomorphism from AC2 to Levine's algebraic 
concordance group ACi. In itself this is an important property which a respectable notion 
of a second order concordance group ought to have; moreover, this is the first step in defining 
the Cochran-Orr-Teichner obstructions algebraically. 

We give the definition of ACi in terms of Blanchfield forms. For proofs of its equivalence 
to the standard definition in terms of Seifert forms, see |Kea75j and |Ran03j . 

Definition 6.1. The Blanchfield form |Bla57| of a knot K is the non-singular Hermitian 
sesquilinear pairing 

Bl: iJi(M;^;Z[Z]) x iJi(Mi^;Z[Z]) -^ Q(Z)/Z[Z] = Q(t)/Z[t, t^^] 

adjoint to the sequence of isomorphisms 



ifi(M^;Z[Z]) ^ H\MK]'L[n) ^ H\MK;QiZ)/Z[Z]) 



Hom^Ki(i/i(Mx;Z[Z]),|^), 



given by Poincare duality, the inverse of a Bockstein homomorphism and the universal 
coefficient spectral sequence (see |Lev77j ) . 

We say that a Blanchfield form is metabolic if it has a metaboliser. A metaboliser for the 
Blanchfield form is a submodule P C Hi{Mk','Z[Z]) such that: 

P = P-^ := {v e iJi(Mi^;Z[Z]) | Bl{v,w) = for all w G P}. 

D 

Definition 6.2. The algebraic concordance group, first defined in |Lev69j and which we 
denote ACi, is defined as follows. A Blanchfield form |Bla57j is an Alexander Z[Z]-module 
H f Theorem 13. ip with a Z[Z]-module isomorphism: 



Bl: H^H'^:= Homz[z](if, Q(Z)/Z[Z]), 

which satisfies Bl = Bl^. We define the Witt group of equivalence classes of Blanchfield 
forms, with addition by direct sum and the inverse of (if, Bl) given by {H^ — Bl). We call 
an element {H, Bl) metabolic if there exists a metaboliser P Q H such that P = P^ with 
respect to Bl. We say that (ii,Bl) is equivalent to (i?',Bl') if {H © i7',Bl© - Bl') is 
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metabolic. Lemma 16.31 states the rational version of the fact that this is transitive and is 
therefore an equivalence relation. The integral version is harder, but follows from the proof 
(see e.g. |Ran031 Theorems 3.10 and 4.2]) of the fact that the Witt group of Seifert forms 
and the Witt group of Blanchfield forms are isomorphic. D 

We only prove the rational version of the following lemma, since this is what we will need 
in Proposition 17. 51 to see that the equivalence relation used to define COTiqii^^) is transitive. 
In particular, in the proof of Proposition 17.51 we will need an explicit description of the new 
metaboliser, as provided by Lemma |6.3[ 

The proof given is, in the author's opinion, the correct way to prove such a statement, 
since it shows most clearly the correspondence of the algebra to the underlying geometry. 

Lemma 6.3. Let {H, Bl) and {H', Bl') be rational Blanchfield forms. Suppose that [H 
H' , Bl © Bl') is metabolic with metaboliser P = P C H®H' , and that {H', Bl') is metabolic 
with metaboliser Q = Q C H' . Then (i?, Bl) is also metabolic, and a metaboliser is given 
by 

R:= {heH\3q£Q with {h, g) G P} C H. 

Proof. A Blanchfield form is the same as a 0-dimensional symmetric Poincare complex in 
the category of finitely generated Q[t, t~^]-modules with 1 — t acting as an automorphism. 
By [RanSlt Propositions 3.2.2 and 3.4.5 (ii)], a metaboliser P for a Blanchfield form (H, Bl) 
is the same as a 1-dimensional symmetric Poincare pair 

(/:C^A(0,B1'^)), 

where C = S'^H^ and D = S^P^, in the category of finitely generated Q[t, t~^]-modules 
with 1 — t acting as an automorphism. This is an algebraic null-cob or dism of {H^,Bl^). 
Let 

^, J : P^ H®H' and h: Q ^ H' 

be the inclusions of the metabolisers. We therefore have symmetric Poincare pairs: 

(( g^ g'^ ) ://^©i7'^^P^ = L»o,(0,Bl^©Bl"^)) 

and 

(/i^ : F'^ ^ Q^ = D^, (0, - Br)). 

We have introduced a minus sign in front of Bl"^, so that we can glue the two algebraic 
cobordisms together along H'^ to yield another algebraic cobordism: 

H'^ = D'l 



5^ 



5'^ 



From this we deduce that: 

R:=im(H°{D")^H^{C) 

is a metaboliser for Bl^ : H^{C) = H^^ x H^^ -^ Q(t)/Q[t, t^^], where the over-line 
indicates the use of the involution. Since the identification H^^ = H involves an involution, 
we have that 

^ = R = [m( ( g ) : ker ( ( 5' h ) : P ®Q ^ H') ^ H 
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is a metaboliser for Bl. Finally, this is indeed equal to 

{h£H\3q(£Qw-ith {h,q) G P}, 

as required. D 

To define the map AC2 — >■ ACi, we begin by taking an element {H,y,S,) € AC2, and 
forming the algebraic equivalent of the zero surgery Mk ■ Recall that we denote the triple 
associated to the unknot by ({0}, 3^^, Idrg}). We construct the symmetric Poincare complex: 

{N,0) := {{Y e (Z[Z K H] ®^[^] Y^)) Use(Z[ZKiy]®,[,jB^) E, (^ © 0) U^^.^u 0). 

In the case that 3^ = y^ is the fundamental symmetric Poincare triad of a knot K, we have 
that N = Nk — C*(M/4:;Z[Z iK H]). The key observation is that the Blanchfield form can 
be defined purely in terms of the symmetric Poincare complex (Z[Z] (^z\ZikH] N,ldfi$6). 
In the following, recall the standard notation 



^H] NY = Hom^K,(Z[Z] ®zfZKi?l N„Z[Z]). 



Proposition 6.4. Given [x], [y] € //i(Z[Z] ®z\Zt<H] -^)> ^he rational Blanchfield pairing of 
[x] and [y] is given by: 



B\{[x],[y]) = -zix) 

where: 

x,ye (Z[Z] ®z[z^H] N)i, z G (Z[Z] 0z[z^H] N)^; 
d*{z) = sd'oiy) for some s G Z[Z] - {0}, 
and 

9'^: (Z[Z] C5z[ZKf/] N)i ^ (Z[Z] ®zyz^H] Nf 
is part of a chain homotopy inverse 

e'o-. (z[z] ®2p,^] N)r ^ (z[z] ®^[^,^] Nf--, 

so that 

00 o ^0 - Id, ^0 ° ^0 - Id . 
The Blanchfield pairing is non-singular, sesquilinear and Hermitian. 

We omit the proof, since it is long but essentially comprises straight-forward computa- 
tions. See [PowlH Proposition 10.2]. 

Proposition 6.5. There is a surjective homomorphism AC2 — >• ACi, which makes following 
diagram commute: 

C ^AC2 



The bottom map is an isomorphism: see |CUT031 Remark 1.3.2]. 

Proof. Given an element {H,y,^) G AC2, we can find the Blanchfield form on the Z[Z]- 
module: 

Bl: H^{Z[Z] 0ziz^H] N) X i/i(Z[Z] ^z^^^h] N) ^ Q(Z)/Z[Z], 
as in Proposition 16.41 To see that addition commutes with the map AC2 — > ACi, note 
that the Alexander modules add as in Proposition 12.61 The symmetric structures also have 
no mixing between the chain complexes of Y and Y^ in the formulae in Definition 13.71 so 
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that, noting that there is a Mayer- Vietoris sequence isomorphism i?i(Z[Z] ®z[ZkH] ^) ^ 
iJi(Z[Z] <8>z[ZkH] -^)) the Blanchfield form of a connected sum in AC2 is the direct sum of 
the two Blanchfield forms in the Witt group. Surjectivity follows from the fact (see |Lev77j ) 
that every Blanchfield form is realised as the Blanchfield form of a knot, and therefore as 
the Blanchfield form of the fundamental symmetric Poincare triad of a knot. 

We will show the following, which we state as a separate result, and prove after the rest 
of the proof of Proposition [ 



Theorem 6.6. For triple (H, y, ^) G AC2 which is second order algebraically concordant to 
the unknot, via a 4- dimensional symmetric Poincare pair: 

{j:Z[ZxH'](^^[^^H]N^V,{e,e)), 

if we define: 

P := ker(j; : Fi(Q[Z] ^^[^^h'] W^ x ^'] ®m^H] N) ^ Hi{Q[Z] 0z[z.H'] V)), 

then P is a metaboliser for the rational Blanchfield form on //i(Q[Z] ®z[Zo<H] ^)- 

Before proving Theorem 16. 6| we will first show how it implies Proposition 16.51 The Witt 
group of rational Blanchfield forms is defined as in Definitions 16.11 and 16.21 and Proposition 
16.41 but with the coefficient ring Z replaced by Q. Now recall that the Witt group of integral 
Blanchfield forms injects into the Witt group of rational Blanchfield forms. To see this, first 
note that: 

The first map is an injection since Hi{'L\L] 0z[Zt<H] ^) is Z-torsion free (Theorem 13. ip . 
while the second map is an isomorphism as Q is fiat as a Z-module. Then suppose that we 
have a metaboliser Pq for the rational Blanchfield form. This restricts to a metaboliser 

Pz := Pq n (Z (g)z Hi{Z[Z] ®z[ZkH] N)) 

for the integral Blanchfield form, since the calculation, restricted to the image oi Hi[Z\I^®in^ij^ 
N), is the same for the two forms. The symmetric structure map in the rational case is just 
the integral map tensored up with the rationals; {9q)q = Mq (g)z(^o)z- 

Therefore, the only place that the two calculations could differ is if one took s G Q[Z]\Z[Z] 
or z G (Q[Z] ®z[Zxi?] NY \ (Z[Z] 0z[z^h] N)\ Note that we can consider (Z[Z] 0z[z^h] N)^ 
as a subset of (Q[Z] ^^IZ^h] N)^ since Q[Z] ®z[ZkH] A^ = Q ®z Z[Z] ^^IZ^h] N, and Q[Z] ^ 
Q(8)z^[^]- In the cases that such an s or such a z are chosen, we can clear denominators in 
the equation d*{z) = s6Q{y) to get d*{nz) = ns6Q{y), for some re G Z, so that now res G Z[Z] 
and nz G (Z[Z] 0z[Z!kH] ^Y- Then: 



1 fi 1 

— (nz)(x) = — z(x) = —z(x), 
ns ns s 

which is the same outcome. By Theorem 16. 6^ second order algebraically slice triples map 
to metabolic rational Blanchfield forms, which we have now seen restrict to metabolic 
integral Blanchfield forms. By applying Proposition 14.91 we see that we have a well-defined 
homomorphism as claimed. This completes the proof of Proposition 16.51 rnodulo Theorem 

WM □ 



Next, we will prove Theorem 16.61 This theorem is an algebraic reworking of |COT03t 
Theorem 4.4], which we state here (for n = 1). 
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Theorem 6.7 ( |COT03j Theorem 4.4). Suppose Mk is {l)-solvable via W. Then the 
rational Blanchfield form of Mk is metabolic, and in fact if we define: 

P := ker(i,: i7i(M^;Q[Z]) ^ Hi{W;q[Z])), 

then P = P with respect to Bl. 



In Section [Bl Theorem 16.61 will be crucial for the control which the Blanchfield form 
provides on which 1-cycles of Q[Z] 0z[ZkH] ^ bound in some 4-dimensional pair, which in 
turn controls which representations extend over putative algebraic slice disc exteriors. The 
proof will require the following proposition (j6.10p of |COT03j . Since we will also require 
the use of Proposition [6TTO] when extracting the Cochran-Orr-Teichner obstructions, we give 
the statement here in the non-commutative setting, even though this is not required for 
the proof of Theorem 16.61 Before we can do this, we need two definitions. 

Definition 6.8. A Poly-Torsion-Free- Ahelian, or PTFA, group F is a group which admits 
a finite sequence of normal subgroups {1} = ro<iri<l...<irfc = r such that the successive 
quotients Fj+i/rj are torsion- free abelian for each i > 0. D 

Definition 6.9. The Ore condition determines whether a multiplicative subset S of a non- 
commutative ring without zero-divisors can be formally inverted. A ring A satisfies the Ore 
condition if, given s ^ S and a € A, there exists t € 5" and b (z A such that at = sb. Then 
the Ore localisation S~^A exists, li S = A — {0} then S~^A is a skew-field which we denote 
by JC{A), or sometimes just /C if A is understood. D 

Note that if ^ = Z[Z], then }C{A) = Q(Z). The rational group ring of a PTFA group 
satisfies the Ore condition |COT031 Proposition 2.5]. See |Ste751 Chapter 2] for more details 
on the Ore condition, such as for the fact that the Ore localisation JC{A) is fiat as a module 
over A. 

Proposition 6.10. |COT03l Proposition 2.10] Let T be a PTFA group. If C^, is a nonneg- 
ative chain complex over QF which is finitely generated projective in dimensions < i < n 
and such that Hi{Q (g)Qr C^) = for < i < 7i, then HiQC ®qy C*) = 0. 

The statement of |COT03[ Proposition 2.10] is made with the hypothesis that the chain 
complex is finitely generated free. We note that the statement can be relaxed to C being a 
finitely generated projective module chain complex, since this still allows the lifting of the 
partial chain homotopies. 

Proof of Theorem \6.(A A large part of this proof can be carried over verbatim from the 
proof of |COT031 Theorem 4.4], subject to a manifold-chain complex dictionary, as follows. 
The homology of Mk with coefficients in a ring R should be replaced with the homology 
of: R®'e[ikh] ^'1 the (co)homology of W with coefficients in R should be replaced with the 
(co)homology of: R ^i.[i.kH'] ^1 &iid the homology of the pair (W, Mk) with coefficients in 
R should be replaced with the homology of: 

R ^z[z«H'] "^(i: ^[^ X H'] 0z[ZKi?] N^V). 

To complete the proof we need to show that: 

(i): The relative linking pairings Prel are non-singular. This will follow from the 
argument in the proof of |COT03l Theorem 4.4] once we show, for an algebraic 
(1.5)-solution V, that H^{Q{Z) (^z[ZxH'] ^) — 0- Note that this also implies by 
universal coefficients that H*{<[^{'L) ®z[ZxH'] ^) - 0, and that i7*(Q[Z] (SizizskH'] ^) 
is torsion, since Q(Z) is fiat over Q[Z]. 
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(ii): The sequence 

is exact. 
To prove (i) we apply Proposition 16. lOl to the chain complex 

Q[Z] ®z[ZxH'] '^(J o /- : m X H'] ®v^^^n\ D^^V). 

Since j o /„ induces isomorphisms on rational homology, the relative homology groups 
vanish: 

^*(Q ®Q[Z] Q[Z] ®Z[ZkH'] '^(j o /-)) = 0. 
Proposition 16 . 1 Ol then says that: 

which implies the second isomorphism of: 

Then since Q(Z) (8'z[Zt<ii'l -^- is given by the contractible chain complex Q(t) > Q(i), we 

see that F,(Q(Z) ^^[ZK/f'] V) ^ 0. 

The definitions of the relative linking pairings can be made purely algebraically using 
chain complexes, using the corresponding sequences of isomorphisms: 

H\Q{Z)/Q[Z]®j^^^^H']y) ^ HomQ[q(i/i(Q[Z]0^[^^^,]y),Q(Z)/Q[Z]); 
and 



H\q{'L)/q[L]®j^^j^^H']V) ^ HomQ[2](F2(Q[Z]0^[2,^,]y),Q(Z)/Q[Z]). 

There are also explicit chain level formulae for the pairings (irel in a similar vein to that 
for Bl in Proposition 16. 4| for us, the important point is that the above maps are indeed 
isomorphisms. 

To prove (ii), we show that in fact ff2(Q[^] ®z[Zt<H'] ^U)) is entirely torsion. This follows 
from the long exact sequence of the pair 

IdQ(z) Oj : Q(Z) ®z[ZkH] N -^ Q(Z) ®z[ZkH'] V. 

We have the following excerpt: 

H2iQiZ) ^^[ZkH'] V) -^ H2iQiZ) C5z[ZkH'] '^(j)) ^ ^i(Q(Z) ®z[z^h] N). 

We have already seen in (i) that H2{Q{'Z) ®z[ZkH'] ^) — 0- We claim that 

HiiQiZ) ®^[^^H] N) ^ 0, 

which then implies by exactness that the central module H2{Q{'Z) ®z[ZkH'] ^U)) is also 
zero. Then note, since Q(Z) is flat over Q[Z], that 

H2mZ) ®^z^H'] nj)) = Q(Z) ®Q[Z] H2iQm ®Z[Z^H'] ^(i))- 

That this last module vanishes means that H2{Q['Z] ^zizkH'] ^{j)) is Q[Z]-torsion. To see 
the claim that i7i(Q(Z) «)z[z><H] N) = 0, recall that: 

Hi{<m] ®'^^,,n\ N) ^ Hi{q[Z] 0^[^,^] y) ^ Q 0z Hi{Z[Z] ®^^^h] y) = Q ®z H, 
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and that an Alexander module H is Z[Z]-torsion, so that the Q[Z]-niodule Q iS>z H is Q[Z]- 
torsion. This completes the proof of (ii); and therefore completes the proof of all the points 
that the chain complex argument for Theorem l6.6l is not directly analogous to the geometric 
argument in the proof of |COT03( Theorem 4.4], completing the present proof and therefore 
also the proof of Proposition 16.51 D 

7. The Cochran-Orr-Teichner obstruction theory 

Before explaining how to extract the Cochran-Orr-Teichner obstructions, first we need 
to define them. In this section we not only define but also repackage the Cochran-Orr- 
Teichner metabelian obstructions, to put them into a single pointed set, which we denote 
COT(c/i.5)- This construction involves taking large disjoint unions over all of the possible 
choices which are implicit in defining the Cochran-Orr-Teichner obstructions. By contrast, 
the construction of AC2 is significantly simpler, as well as having the advantage of being a 
group. 

Cochran-Orr-Teichner JCOT03) use their obstruction theory to detect that certain knots 
are not (1.5)- and (2.5)-solvable. In |CT07] it is shown that certain knots are (ri)-solvable 
but not (n.5)-solvable for any n G Nq. We focus on the (1.5)-level obstructions for this 
exposition. Following [LetOO] . who worked on the metabelian case, Cochran-Orr-Teichner 
define representations of the fundamental group of the zero framed surgery p: 'iti{Mk) -^ T, 
where F = Fi := Z x Q{t)/Q[t,t~^], their universally {l)-solvahle group. To define the semi- 
direct product in F, ?i € Z acts by left multiplication by t"^. The representation: 

p: 7ri(Mx) ^ ^i{Mk)/tii{MkP ^ Z k //i(A/a-; Q[t, t^^]) ^ Z x Q(t)/Q[t, t"^] 

is given by: g \-^ {n := <j){g),h := gt"'*'^^') 1— )> (n, Bl(p, /i)), where (j): 'Ki{Mk) — > Z is the 
abelianisation homomorphism and t is a preferred meridian in 7ri(M/f), the pairing Bl is 
the Blanchfield form, and p is an element of i/i(Mj^; Q[t, t~^]). 

Now suppose that there is (l)-solution W . As in Theorem 16.71 define 

P := ker(i,: i7i(M;^;Q[Z]) ^ Hi{W;q[Z])). 

Then for each p € P, by |COT03l Theorem 3.6], we have a representation p: ttiCW) — )■ F, 
which enables us to define the intersection form: 

A2 : H2iW; QF) x H2iW; QF) ^ QF. 

Since VF is a manifold with boundary, this will in general be a singular intersection form. 
To define a non-singular form we localise coefficients: Cochran-Orr-Teichner use the non- 
commutative Ore localisation to formally invert all the non-zero elements in QF to obtain 
a skew- field fC, as in Definition 16. 9| note that F is a PTFA group, so the Ore localisation 
exists by |COT03l Proposition 2.5]. 

As is proved in |COT03t Propositions 2.9, 2.10 and 2.11 and Lemma 2.12], the homology 
of Mk = dW vanishes with K, coefficients. Therefore the intersection form on the middle 
dimensional homology of W becomes non-singular over /C, so we have an element in the Witt 
group of non-singular Hermitian forms over /C. Moreover, using Proposition I6.1U|, control 
over the size of the Z-homology translates into control over the size of the /C-homology of 
W . To explain how this gives us a well-defined obstruction, which does not depend on the 
choice of 4-manifold, and how this obstruction lives in a group, we define L-groups and the 
localisation exact sequence in L-theory. 
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Definition 7.1 ( |Ran80j 1.3). Two ?i-dimensional e-symmetric Poincare finitely generated 
projective ^-module cliain complexes (C, if) and (C, if') are cobordant if there is an (n + 1)- 
dimensional e-symmetric Poincare pair: 

ifj'):C(BC'^D,i5ip,cp(B-^'). 

The union operation of [RanSOl Part I, pages 117-9] shows that cobordism of chain com- 
plexes is a transitive relation. The equivalence classes of symmetric Poincare chain com- 
plexes under the cobordism relation form a group L^{A,e), with 

(C, ^) + iC if') = {C®C',ip® if'); -{C, if) = {C, -if). 

As usual if we omit e from the notation we assume that e = 1. In the case n = 0, L^{A) 
coincides with the Witt group of non-singular Hermitian forms over A. D 

Note that an element of an L-group is in particular a symmetric Poincare chain complex. 
This means that the intersection forms of (l)-solutions typically give elements of L^{1C) but 
not of L^< 



Definition 7.2 ( |Ran81j Chapter 3). The Localisation Exact Sequence in L-theory is given, 
for a ring A without zero divisors and a multiplicative subset S = A — {0}, which satisfies 
the Ore condition, as follows: 

> L"(A) ^ L"(5-^A) ^ L'^iA, S) -^ L^'-^A) ^ • • • . 

The relative L-groups L"'{A, S) are defined to be the cobordism classes of (n— l)-dimensional 
symmetric Poincare chain complexes over A which become contractible over S~^A, where 
the cobordisms are also required to be contractible over ^"^^4. For n = 2 this is equivalent 
to the Witt group of S^^A/A-valued linking forms on H^ of the chain complex. 

The first map L"'{A) — )• L^{S~^A) in the localisation sequence is given by considering a 
chain complex over the ring ^ as a chain complex over S~^A, by tensoring up using the 
inclusion A — > S~^A. The salient effect of this is that some maps become invertible which 
previously were not. We say that a symmetric chain complex is /C- Poincare if it is Poincare 
after tensoring with /C. 

The second map L"'{S~^A) — > L"(A, 5) is the boundary construction. Let {C^:,ip) rep- 
resent an element of L"(5~^j4). By clearing denominators, there is a chain complex which 
is chain equivalent to (C*,(/j), in which all the maps are given in terms of A. We may 
therefore assume that we have a symmetric but typically not Poincare complex (C*, ip) over 
A, and take the mapping cone ^{ifo'- C"~* — > C*). This gives, as in Definition 12. H an 
(n — l)-dimensional symmetric Poincare chain complex over A which becomes contractible 
over S~^A, since c/Jq is a chain equivalence over S~^A, i.e. we have an element of L'^{A, S). 

On the level of Witt groups, this map sends a Hermitian ^'"^A-non-singular intersection 
form over A, {L,X: L — t- L*), to the linking form on coker(A: L —^ L*) given by: (x,y) i— > 
z{x)/s, where x,y € L*,z £ L,sy = X{z) [RanSH pages 242-3]. 

The third map L"'{A,S) — > L^~^{A) is the forgetful map on the equivalence relation; it 
forgets the requirement that the cobordisms be contractible over S~^A, simply asking for 
algebraic cobordisms over A. D 

The obstruction theory of Cochran-Orr-Teichner, for suitable representations tti(Mx) — > 
r, detects the class of {C^{Mk;QT),\A{[Mk])) in L'^iQT,S), where S := QT - {0}; we 
have an invariant of the 3-manifold Af/<. The first question we ask, corresponding to (1)- 
solvability, is whether the chain complex of Mk bounds over QT. Suppose that i^ is a 
(l)-solvable knot. Then we have a symmetric Poincare complex 

{C,{Mk;QT),\A{[Mk])) G ker(L4(Qr,5) ^ L^{QT)). 
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The obstruction which detects that there is no /C-contractible null-cobordisin of C^, {Mk; 
therefore Ues in L'*(/C)/im(L'^(Qr)). 

A (l)-sohition W defines an element of L^{IC) by taking the symmetric /C-Poincare chain 
complex: 

idW, Mk;IC) = K ®Qr C,{W, Mk; QT),\Ai[W, Mk]))- 

The image of L^(Qr) represents the change corresponding to a different choice of (1)- 
solution W: the obstruction defined must be independent of this choice. Since 2 is in- 
vertible in the rings /C and QF, we can do surgery below the middle dimension [RanSOl 
Part I, 3.3 and 4.3] to see that our obstruction lives in L^ (IC) / iin{L^ (QT)) . Taking two 
choices of 4-manifold W,W' with boundary Mk and gluing to form V := W Umk —W, 
we obtain a 4-manifold whose image in L^(Qr) = L''(Qr) gives the difference between 
the Witt classes of the intersection forms of W and W', showing that the invariant in 
L'^(/C)/ im(L'^(Qr)) is well-defined. If this obstruction does not vanish then K cannot be 
(1.5)-solvable and therefore in particular is not slice. 

The main obstruction theorem of Cochran-Orr-Teichner, at the (1.5) level, is the follow- 
ing: 

Theorem 7.3. |(X)Tn3[ Theorem 4.2] Let K be a knot, and define, for eachp G Hi{Mk; Q[Z]).' 

B := {c,{Mk; qt), \a([m^])) g L\qr, qr - {o}). 

Suppose that K is {l)-solvable via a [l)-solution W . Then there exists a metaboliser P = 
P-L C Hi{Mk]Q[^]) such that for all peP, 

B G ker(L4(Qr,Qr - {0}) ^ ^^(Qr)). 

Suppose that K is {l.b)- solvable via a (1.5) -solution W. Then there exists a metaboliser 
P = P-L C Hi{Mk;Q['^]) such that for allpeP, B = 0. 

Proof. We give a sketch proof. The fact that a meridian of K maps non-trivially un- 
der p is sufficient, as in [COTOS) Section 2], to see that C^{Mk',K,) — 0, so that indeed 
B G L^(Qr,Qr - {0}). The (l)-solvable condition ensures, by Theorem [6771 and |(X)Tn3l 
Theorem 3.6], that certain representations extend over t:i{W), for (l)-solutions W , so that 
P 1-^ G L'^(Qr). If W is also a (1.5)-solution, there is a metaboliser for the intersection 
form on H2{W]K,): as mentioned above the fact that we have control over the rank of the 
Z-homology translates into control on the rank of the /C-homology. We have a half-rank 
summand on which the intersection form vanishes: the intersection form is therefore trivial 
in the Witt group L^{K,). Since L^(/C) = L^{IC) by surgery below the middle dimension, 
we indeed have B = 0. D 

We now define a pointed set, which is algebraically defined, which we call the Cochran- 
Orr-Teichner obstruction set, and denote (CC'T(c/i.5), f^)- The above exposition then en- 
ables us to define a map of pointed sets C/Fii^\ -^ COTfc/i.b)- the Cochran-Orr-Teichner 
obstructions do not necessarily add well, so we are only able to consider pointed sets, re- 
quiring that (1.5)-solvable knots map to U, the marked point of COTtc/i.5)- The reason 
for this definition is that the second order Cochran-Orr-Teichner obstructions depend for 
their definitions on certain choices of the way in which the first order obstructions vanish. 
More precisely, for each element p G Hi{Mk',Q['^]) we obtain a different representation 
Tri{MK) -^ r and therefore, if it is defined, a potentially different obstruction B from Theo- 
rem [7]3j The following definition gives an algebraic object, COTfc/i.5): which encapsulates 
the choices in a single set. Our second order algebraic concordance group AC2 gives a single 
stage obstruction group from which an element of COTfc/i.b) can be extracted; for this 
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see Section [HI I would like to thank Peter Teichner for pointing out that I ought to make 
Definition [731 

In the following definition, for intuition, (iV, 6) should be thought of as corresponding 
to the symmetric Poincare chain complex of the zero surgery Mx on a knot in S"^, T : = 
Z X Q{t)/Q[t,t-^], and H should be thought of as corresponding to Fi(Mi^; Q[Z]). There 
is no requirement that (A^, 9) actually is the chain complex associated to a knot: we are 
working more abstractly. 

Definition 7.4. Let H he a rational Alexander module, that is a Q[Z]-module such that 
H = Q0zH' for some H' G A. We denote the class of such H hy Q(^z A. Let 

be a non-singular, sesquilinear, Hermitian pairing, and let p ^ H. We define the set: 

^Vp(^r,Qr-{o}) 

to comprise pairs {{N,9 S Q^{N)),S,), where {N,9) is a 3-dimensional symmetric Poincare 
complex over QL which is contractible when tensored with the Ore localisation /C of QF: 

/C (8)Qr iV ^ 0, 
which satisfies: 

and where ^ is an isomorphism 

e: H ^Hi{q[Z]0QrN). 

Using the 3-dimensional symmetric Poincare chain complex (Q[Z] C^qf N,ld®9), we can 
define the rational Blanchfield form (see Proposition 16. 4|) : 

Bl: Hi{Q[Z] 0Qr N) x Hi{Q[Z] ®Qr N) -^ Q{t)/Q[t,t-^]. 

We require that: Bl(x,y) = Bl(^(x),^(y)) for all x,y G H. In the case that p = G H, we 
have a further condition that: 

(2) {{N, 9),0o = mm ^QT N, Id ^9),0 G iH,Bi,o(Qr, QF - {0}) 

We consider the union, for a fixed H gQ^zA and a fixed Bl: H x H ^ Q{t)/Q[t, t~^]: 

^7-(C/i.5)(^,Bl):= LI L|,,Bi,p(QF,QF-{0}), 
peH 

over all p G H. Next, we consider the union over all possible H and Bl of a class of certain 
subsets of ^J^(c/i,5)(if, Bl), namely the subsets which have one element of L|^bi (QF,QF — 
{0}) for each p G H: 

U { U {((^'^)'0p} C AT(^c/i.5){H,Bl)]. 

By defining a partial ordering on this class we can make it into a set by taking an inverse 
limit. For each Q[Z]-module isomorphism a: H ^^ H"', we define a map 

«* ■■ LJj^BLpm, Qr - {0}) ^ 4^„^3j^„^^(^)(QF, QF - {0}), 

where Bl {x,y) := Bl{a~^ (x) , a~^ (y)) by 

{{N, 9 G QHN)),0 ^ {{N, 9 G QHN)),^ o a-'). 
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This defines a map: 

«*: ^^(c/1.5)(i:^,Bl) ^^7-(c/i.5)(^^",Bl^°), 
which we use to map subsets to subsets. We say that a subset: 

U {{iN,e),0p}cAT^c/i.5)iH,Bl), 

p£H 

is less than or equal to 

if the latter is the image of the former under a*. We then define: 

^7-(C/i.5) := 1^1 U {((iV,^),e)p}C^J-(c/i.5)(i:^,Bl)|if GQ^zA 

BhFi^Exti (if,Q[Z]) 



Finally, we must say what it means for two elements of AJ-ic/i.^) to be equivalent, in 
such a way that isotopic and concordant knots map to equivalent elements of AF(^c/i.b)^ 
and we must define the class of the zero object, so that we have a pointed set. 

The distinguished point is the equivalence class of the 3-dimensional symmetric Poincare 
chain complex: 

U := ((QT ®Q[z] C.{S^ X 52;Q[Z]),\A([5i x 5^])),^ = Id: {0} ^ {0}) 

e^-^(C/i.5)({0},Bl|o}). 

We declare two elements of AF(^c/i.b) to be equivalent, denoted ~, if we can choose a 
representative class for the inverse limit construction of each i.e. pick representatives: 

LI {((iV,0),Op} C ^^(c/i.5)(i?,Bl) and |J {{{N\e^),S}),} C ^J^(c/l.5)(i?^ Bit) 
for some H, W € Q ®i A, such that there is a metaboliser P Q H ® H' of 

Bi e - Bit : ij e ijt X ij e ijt ^ q(z)/q[z] 

for which all the elements of L^(Qr, QF — {0}) in the disjoint union: 

y {{{Np e NlOp e -9l),^p e e|)} c AF^c/i.5)iH e h^,bi®- Bit) 

(p,g)6P 
bound a 4-dimensional symmetric Poincare pair 

ijp e 4 : Np e ivj ^ V(p^g), (^^(p,^), 0p e -0t) ^ q4(j-^ g^ ^-t)) 

over QF such that 

Hi{Q ®Qr Np) ^ Hi{Q Oqf V<?)) ^ ^i('^ "^Qr iVj), 
such that the isomorphism 

Cp(B(l:H®H^^ Hi{Q[Z] ®Qr Np) © i/i(Q[Z] ®Qr iVJ) 
restricts to an isomorphism 

P ^ ker (i?i(Q[Z] ®Qr Np) i^i(Q[Z] ®Qr iV|) ^ ^i(Q[Z] ®Qr ^(p,g))), 
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and such that the algebraic Thorn complex (Definition 12. ip . taken over the Ore localisation, 
is algebraically null-cobordant in Lg{IC) = L^(/C): 

[(/C0Qr'^((jpe4)),id050(p,,)/(0,e-0t))] = [0] eL|(/c). 

The relation ~ is an equivalence relation: see Proposition 17. 5i 

Taking the quotient of AJ^fc/i.5) by this equivalence relation defines the second order 
Cochran-Orr-Teichner obstruction pointed set {COTfc/i.5)i U): there is a well-defined map 
from concordance classes of knots modulo (1.5)-solvable knots to this set, which maps (1-5)- 
solvable knots to the equivalence class of C/, as follows. 

Define H := //i(Mi^; Q[Z]). For each p (^ H, we use the corresponding representation 
p: tti{Mk) — >■ r to form the complex: 

((iv,0),Op := m'r®z[.,iMj,)]C4MK;nMMK)])Mi[MK])),0 e L|,^Bi,p(Qr,Qr-{o}). 

This gives a well-defined map: see Proposition 17.61 This completes our description of the 
Cochran-Orr-Teichner pointed set. D 

Proposition 7.5. The relation ~ of Definition]!.^ is indeed an equivalence relation. 



Proof. To see refiexivity, note that the diagonal H (^ H (B H is a. metaboliser for Bl — Bl. 
Then take Vfp^p) '■= Np and SOtp^p^ := 0. It is straight-forward to see that ~ is symmetric. 
For transitivity, suppose that 

\j{{N,9),0p- u ((^^^')'^^)« 

peH qeHt 

with a metaboliser P (1 H ® H' and chain complexes {Vtp^q\,69tp^g\), and that 

q£Ht rem 

with a metaboliser Q C H^ H^ and chain complexes {Vfq^j.\,66fq^r))- 
We define the metaboliser R C H (B H^ by 

R := {{p, r) e H ® H^\3q e W with {p, q) e P and (q, r) € Q}. 

The proof of Lemma 16.31 shows that this is a metaboliser. For each (p, r) € i? we can 
therefore choose a suitable q and so glue the chain complexes: 



to create an algebraic cobordism for each (p, r) G R. Easy Mayer- Vietoris arguments show 
that the i 
and that 



that the inclusions Np — > V ip^^\ and A'^^ — > Vipj.\ induce isomorphisms on first Q- homology, 



ip®il:H®H^^ Hi{Q[Z] (^qv Np) © Hi{Q[Z] 0Qr N}) 
restricts to an isomorphism 

R ^ ker {Hi{q[Z] ^Qr Np) © Hi{Q[Z] (^qt N}.) -^ /7i(Q[Z] ©QrF(p,,))). 

Since /C (SiQr Nq ~ 0, the elements of Lg{IC) add and we still have the zero element of L^(/C) 
as required. D 

Proposition 7.6. The map C/J-'n 5) —^ COTtc/1.5) ^^ Definition \7.4\ is well-defined. 
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Proof. To see that the map is weh-defined, we show that if K ]^ — K^ is (1.5)-solvable, then 
the image of K is equivalent to the image of K^ in CC'T(c/i.5)- Let W^ be a (1.5)-solution 
for /ftt - K^, and let 

P := kev{Hi{MK;Qm) ® Hi{MKr,Qm) ^ Hi{W;Q[Z\)), 
noting that 

We define, for all {p,q) G P, V{p,q) '■= C^{W,Mj^^_j^i;QT) to be the chain complex of W 
relative to M^jj_j-^f 

Then /C (8>Qr ^{p,q) represents an element of Lg{lC) as in Definition 17.21 Since M^ is a 
(1.5)-solution, as in Theorem 17.31 we have B = 0. That is, the intersection form of Vtp^q\ is 
hyperbolic as required. 

Applying the algebraic Poincare thickening (Definition 12. 1|) yields a symmetric Poincare 
pair C*(M^ jj_j^t;Qr)(p^g) -^ ^(p^)- Now note that 

c*(M^tt_Kt;Qr)(p,g)^c,(XKU5i x^i x/ux,^t;Qr)(p,,). 

By gluing the chain complex C,{S^ x D^ x /; QP) to T/^^"* along C^{S^ x S^ x /;QP), we 
obtain a symmetric Poincare pair 

{c^Mk; Qr)p e c,(M^t; Qr)g ^ %,g), (<r0(p,,), 0p e -el)). 

This gluing does not change the element of Lg{}C) produced, since C*(5^ x D^ x P,JC) 'r^ 0. 
We therefore indeed have that K and K^ map to equivalent elements in COT(c/i.5), as 
claimed. D 

8. Extracting the Cochran-Orr-Teichner Concordance Obstructions 

In this section we define a map AC2 — > COTfc/i.5) and show that it is a morphism of 
pointed sets. Recall that P := Z x Q{t)/Q[t,t~^]. A map C/T(i^^^ -^ COT(c/i.5) was 
implicitly defined in Section [71 We will prove the following theorem: 

Theorem 8.1. A triple in AC2 which is second order algebraically concordant to the triple 
of the unknot has zero Cochran-Orr-Teichner metahelian obstruction; i.e. it maps to U in 
COT (c 11.5) ■ "5^6 Theorem \8.5\ for a more general and precise statement. 

We can summarise the results of this section in the following diagram: 

C/-^(i.5) ^ ■^^2 

\ I 

\ ' 

^^ y 
COT(c/i.^)- 

Recall that we use dotted arrows for morphisms of pointed sets. 

To define the map AC2 —5- CC'T(c/i.5), as in Section [6l we begin by taking an element 
[H, y, ^) € AC2, and forming the algebraic equivalent of the zero surgery Mk- We construct 
the symmetric Poincare complex: 

{N,9) := ((y e (Z[Z X H] ®z[z] Y^)) U^e(2;[z><H]®,[,jS^) ^, (^ ® 0) U^®_^^ 0). 

By defining representations Z x ff ^^ P, we will obtain elements of L^ (QP, QP — {0}) . Recall 
that L^(QP,QP — {0}) is the group of 3-dimensional symmetric Poincare chain complexes 
over QP which become contractible when we tensor over the Ore localisation (Definition 
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-4 



\6M K, of Qr with respect to Qr-{0}. The group ^^(Qr, Qr-{0}) fits into the localisation 
exact sequence: 

L\qr) -^ L\]C) ^ L'^(Qr,Qr - {o}) ^ V'iqr)- 

The reduced L^^^ -signature ( |COT03l Section 5]) obstruct the vanishing of an element of 
L''(/C)/ini(L'^(Qr)). After the proof of Theorem 18.11 we will describe how to define these 
signatures purely in terms of the algebraic objects in AC2- By making use of a result 
of Higson-Kasparov JHK97J which applies to PTFA groups, we do not need to appeal to 
geometric 4-manifolds to calculate the Von Neumann p-invariants. 

In order to define a representation p: 7j i< H ^>- T, first we choose a p £ H, and then 
define: 

p: {n,h) ^ {n,Bl{p,h)) G T, 

where Bl is the Blanchfield pairing, which is defined on H as follows. 
Compose ^ with the rationalisation map, to get: 

C-.H^ Hi{Z[Z] (^^[z^H] N) ^ HiiQin ®m-H] N). 

The second map is injective by Theorem 13.11 (b): H is Z-torsion free. In this section we 
abuse notation and also refer to this composition of ^ with the rationalisation map as ^. 
We define Bl: H x H ^ Q{t)/Q[t,t~^] by: 

Blip,h):=Bmp),ah))- 

Proposition 8.2. The chain complex: {QT'S)i[z,kH]^t^'^'^(^) defines an element o/L^(Qr,Qr- 
{0}). That is, K. ®Qr QT ®i[1kH] ^ ^^ contractihle. 

Proof. First note that T is a PTFA group (Definition [6S|) , since [r,r] = Q(t)/Q[t, t~^]; 
therefore [r,r] is abelian and r/[r,r] ^ Z. The fact that F is PTFA means that, by 
|COT031 Proposition 2.5], the Ore localisation of QF with respect to non-zero elements 
QF — {0} exists. The proof follows that of [COTOSl Proposition 2.11] closely, but in terms of 

chain complexes. The chain complex of the circle C^{S^; Q[Z]) is given by Q[Z] > Q[Z]. 

Tensor with QF over Q[Z] using the homomorphism p o (/_)^,, where we have to define 
(/_)*: "L ^ Wj K H. Recall that /_ is a chain map in our syixuxietric Poincare triad 3^ 
(Definition 13. 4p . and so we define (/-)* to be the corresponding homomorphism of groups: 
there is, as ever, a symbiosis between the group elements and the 1-chains of the complex. 
The homomorphism (/-)*: TL ^ TL x H sends t i-t- (1,/ii), where h\ is, as in Definition 
13.41 the element of H which makes /_ a chain map. Thus, passing from C*(5^;Q[Z]) to 
C*(S'^ QF), we obtain: 

QF ®QK] Q[Z] ^ QF ^^°^^'^'^*^"'^ QF ^qk] WA = Qr. 



The chain map 

1 ® /_ : C,(S^QF) = QF (^z[ZkH] D. -^ QF ^z[z^^h] Y ^ QT ^z[z^^h] N, 
is 1-connected on rational homology. Therefore, by the long exact sequence of a pair, 

HkiQ 0Qr '^(l ® /- : a(5^ QF) ^ QF ®z[z.h] N)) = 
for k = 0,1. We apply Proposition 16. lU] with n = 1 and C^, = ^{1 (8) /~), to show that: 

HkilC 0Qr '^(l /- : C,(5^ QF) ^ QF ®^y^^H\ N)) = 
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for A; = 0, 1. This implies, again by the long exact sequence of a pair, that there is an 
isomorphism Hq{S^;IC) = -ffo(^®z[ZK_ff]-^) ^nd a surjection Hi{S^; K) -» Hi{K,®^j^^h^N). 
As in the proof of [CQT031 Proposition 2.11], t maps to a non-trivial element 

P o (/-)*(t) = p(l, hi) = (1, Blip, hi)) G r. 

Therefore p o (/„)^(t) — 1 ^ € QF is invertible in /C, so H^{S^;IC) = 0. This then implies 
that HkilC ®z[Zk//] iV) = for A; = 0, 1. 

The proof that QF ®z[Zx_ff] ^ is acyclic over /C is then finished by applying Poincare 
duality and universal coefficients. The latter theorem is straight-forward since /C is a skew- 
field, so we see that: 

HkilC ®Qr (QF 0z[zxi^] A^)) = 

for A: = 2, 3 as a consequence of the corresponding isomorphisms for A; = 0, 1. A projective 
module chain complex is contractible if and only if its homology modules vanish [Ran02l 
Proposition 3.14 (iv)], which completes the proof. D 

Remark 8.3. We can always define, for any representation which maps gi to a non-trivial 
element of F, a map AC2 -^ -L^(QF, QF — {0}). However, we will only show that it has the 
desired property: namely that it maps € AC2 to € L^(QF,QF — {0}), in the case that 
^ip) € P (recall that p was part of the definition of a representation p: Z >< i/ — t- F), for at 
least one of the submodules P C HiiQ[Z] 0z[ZtKH] ^) such that P = P-^. 

This contingent vanishing for the Cochran-Orr-Teichner obstruction theory is encoded 
in the definition of COT(c/i.5)- see Definition 17.41 We have a two stage definition of the 
metabelian Cochran-Orr-Teichner obstruction set, since we need the Blanchfield form to 
define the elements and to restrict the allowable null-bordisms; whereas an element of the 
group AC2 is defined in a single stage from the geometry, via a handle decomposition of 
the knot exterior, and the allowable null-bordisms are restricted by the consistency square. 
Both stages of the Cochran-Orr-Teichner obstruction can be extracted from the single stage 
element of AC2 ■ 

Definition 8.4. We define the map AC2 — >• COT(^c/i.5) by mapping a triple iH,y,S^) to 

U {(QF ^z[z^H] N, Id 0e)p, Cp}, 



with each (QF (ii>z['iKH] ^)p defined using 



P-.ZkH -^ F 

(n, /i) i-^- (n,Bl(p, /i)) 

and ^p given by the composition 

ip:<^®zH i^ Q0zi7i(Z[Z]0z[z,^]y)^/7i(Q[Z]®z[ZKH]n 

^ i/i(Q[Z] 0z[ZKi?] N) ^ HiiQin ®Qr (QF 0ZIZK//] N)p). 

The maps labelled as isomorphisms in this composition are given by the universal coefficient 
theorem, a Mayer- Vietoris sequence, and a simple chain level isomorphism for the final 
identification. D 

We prove a more general statement than that of Theorem 18.11 The purpose of this 
generalisation is to show that the map of pointed sets of Definition 18.41 is well-defined. 
Theorem 18.11 is a corollary of Theorem 18.51 bv taking iH'^ ,y\^'^) = ({0},3^^, Id{o}). 
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Theorem 8.5. Let iH,y,(,) ~ {H^y'f,^'') G AC2 be equivalent triples. Then 

U {(Qr0z[ZKi^]A^)p,U~ U {(Qr0z[ZK//t]iv^)g,4}GCor(c/L5)- 

That is, there exists a metaboliser 

P = P± c{q0^H)® (Q ®z i^^) 

for the rational Blanchfield form 

Bl © - Bit . (Q ^^ H) (Q ©z ^^) X (Q 0z //) © (Q ©z //t) ^ Q(t)/Q[i, t"!], 
suc/i i/iai, /or any (p, g) € (Q ®z H) © (Q CSz -f^^), the corresponding element 

((Qr ®2[2^H] N)p, Op) © ((Qr 0^[^,^] N% -el) g L^(Qr, Qr - {o}), 

bounds a 4.- dimensional symmetric Poincare pair 

Up © 4 • (^r 0z[zxi?] A^)p © (Qr ^^iz^h] N^)g -^ v^p,q), i50ip,g),0p © -ol)) 

over Qr such that 

HiiQ ^QT (Qr 0z[ZKi?] A^)p) ^ ^i(Q ^Qr V^p,q)) ^ ^i(Q ©Qr (Qr ©^[Zk//] A^^)g), 
suc/i i/jai the isomorphism 

Cp © 4- (Q ®^ ^) ® (Q '^2; i^t) ^ 

i7i(Q[Z] 0Qr (Qr ©z[ZKi?] N)p) © i/i(Q[Z] ®Qr (Qr ©z[ZKi?t] A^^)g) 
restricts to an isomorphism 

P ^ ker (/7i(Q[Z] ^z[z,,H] N) © //i(Q[Z] ©z[z.i?t] N^) ^ ^i(Q[Z] ©Qr V^feg))), 

and such that the algebraic Thom complex fDefinition \2. 1\) . taken over the Ore localisation, 
is algebraically null-cobordant in Lg(/C) = L^(/C); 

[(/c ©Qr '^{{jp®jl))M^se^p,<j)/{ep © -el))] = [o] e l4(/c). 

Proof. By the hypothesis we have a symmetric Poincare triad over Z[Z k i?']: 

, {Id,Id®ro„+) 

(ii;,0)©(£;t,-,^t) ^{E,o) 



T] 

r/t 



{7,7''") 



(ijn 



with isomorphisms 

i7*(Z ©z[ZkH] y) ^ H^{Z ©z[Zk//'] ^) ^ H^{Z ©z[ZK//t] y^), 
and a commutative square 



H®H^ 



U\,,jI) 



H' 



e 

^t 

i7i(Z[Z] ©2[2,^] y) © Hi{Z[Z] ^z[z^H] Y^) -^ 



e 



i7i(Z[Z]©2:[ZKH']^)- 
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Corresponding to the manifold triad 

S^ xS^US^ X S^ ^ S^ xS^ xl 
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S^ xD'^US^ X D"^ 

we have a symmetric Poincare triad. 

7f 



-^ 5^ X Z?2 X /, 



(Id,Id) 



(i^^O) 



7?^ 

(y^, 0) e (y^, o) — ^^'''^''^ ^ (y^, o). 



With this triad tensored up over Z[Z x H'] sending 1 1— )• gi as usual, we glue the two triads 
together as follows: 



(i^j^) 



(y^,o)e(y^,o) 

7f 

rf 



We 

t37£;t 



(i?,0)©(i?t, 



7] 

r?t 



(Id,Id8)ro^t) 

(7.7'') 



--(y^,o) 



?u 

,1 



rog 



iE,0) 



(y, c^) © (yt, -cDt) ^:ii — . (v, e), 

to obtain a symmetric Poincare pair over Z[Z x H']: 

{{i, i^): NeN^ ^V :=VUe Y^ , (G := G U 0, ^ © -6^)). 
We can define P, by Theorem 16.61 to be 

P := ker((Q ®z H) © (Q ®z ^t) ^ /7i(Q[Z] ®z[ZkH] A^) © ^i(Q[Z] ^ N^) 

Now, for all (p, g) G P, the representation 

(Bl© -Blt)((e(p),e^(g)),.): i7i(Q[Z] ^z[z,^] iV) ©ifi(Q[Z] ©^[z,^] iVt) - 



extends, by |COT03l Theorem 3.6], to a representation i7i(Q[Z]©2;[ZKH']^) -^ Q(i)/Q[i, *~^]- 
This holds since the proof of [COTOSl Theorem 3.6] is entirely homological algebra, so car- 
ries over to the chain complex situation without the need for additional arguments. We 



<.H' 



V)). 
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therefore have an extension: 



e 

e^ 



(ib.4) 



H' 



e 



, IdzrziiX)(i,it) „ 

H,{Z[Z] ^^z.H] N) © Hi{Z[Z] 0z[ZKHt] A^^) Hi{Z[Z] CS)z[ZKi^'] V) 



i^i(Q[Z] (^ziz^H] N) © ifi(Q[Z] 02[2,^t] N^) --^ HiiQlZ] 0z[ZkH'] V) 



(BleBlt){(e(p),et(g)),.) 



r 



Noting that, from the Mayer- Vietoris sequence for V = V Ue Y^ , there is an isomorphism 

HiiZ[Z] ®z[ZkH'] V) ^ HiiZ[Z] ®z[z^H'] V), 

the top square commutes by the consistency condition. We therefore have an extension of 
representations: 




The element 

((Qr ®z[z^H] N)p, Op) © ((Qr 0z[z^Ht] iv^)g, -ol) g l^qf, Qr - {o}) 

therefore Ues, by virtue of the existence of QT (S)z[i,kH'] ^{p,q)i ™ ker(L^(Qr,Qr — {0}) — > 
-L^(Qr)). As in the L-theory locahsation sequence (Definition 17. 2p . we therefore have the 
element: 

(F(p,,), e(p,,)) := ((/c 0z[z.H'] '^{{i,^^)))ip,,),Qip,,)/{Op e -9l)) e 4(/C), 

whose boundary is 

((Qr ^z[z..H] N)p, Op) © ((Qr ®^^^H^ N^\. -ol) G ^^(Qr, Qr - {o}). 

Since 2 is invertible in /C, we can do algebraic surgery below the middle dimension [RanSOl 
Part I, Proposition 4.4], on l^(p.q), to obtain a non-singular Hermitian form: 

(A: i?2(F(p,,)) X f2(F(p,,)) ^ ;c) e 4(/c) - 4(;c), 

whose image in L^(/C)/L°(Qr) detects the class of QP^^p^j;^] A^ G L'^(Qr,QP-{0}). Once 
again, we will apply Proposition 16.101 Since j and j ' induce isomorphisms on Z-homology, 
and therefore on Q-homology, we have that the chain map 

Id®i: Q (g)Qr (QP ®z[z^H] N)p -^ Q 0Qr (QP ^z[zx//'] %,<?)) 

induces isomorphisms i* : Hk{Q ®z[ZkH] ^) ~^ Hk{Q ®z[Z\kH'] ^) for all A:, by a straight- 
forward Mayer- Vietoris argument. Therefore -f^A;(Q®zKKH'l '^(^)) — for all A; by the long 
exact sequence of a pair. Applying Proposition l6.101 we therefore have that -fffc((/C(8izK>(H'l 
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'^{i))(p^q)) — for all k. The long exact sequence in /C-homology associated to the short 
exact sequence 

^ (/C (»z[Z^M'] '^(^))(p,g) -^ (^ ®Z[Z^H'] '^{{i,'i'^))){p,g) ^ S{IC (»z[Z^Ht] ^l) -^ 

implies, noting that H^{1C (8'zK^<iift] Nq) = 0, that 

for all k. In particular, since //2(^(p,g)) — -^^^(^(p,?)) — 0) '^^ see that the image of l^(p,g) 
in L^(/C), which is the intersection form A, is trivially hyperbolic and represents the zero 
class of L^(/C). This completes the proof that 

U mr ^ziz. H] N, Id mp,Cp}- U m^^z[z.m]N\id09%^i}€cor(^c/i.5)- 

D 

Finally, we have a non-triviality result, which shows that we can extract the L'^'-signatures 
from AC2- In order to obstruct the equivalence of triples {H,y,£,) ~ {H^ ,y^ ,^^) € 
AC2, we just need, by Proposition 14. 9|, to be able to obstruct an equivalence {H,y,S,) ~ 
({0},3^^,Id|o})- To achieve this, as in Definition 17. 4| we need to obstruct the existence of 
a 4-dimensional symmetric Poincare pair over QF {j : (QF 0z[ZtKH] ^)p ~^ Vp, {@p,0p)), for 
at least one p 7^ 0, with ^(p) G P, for each metaboliser P = P-^ C Hi{Q[Z] (S>z[ZtKH] ^) of 
the Blanchfield form, where Vp satisfies that 

e(p) G ker(j; : ifi(Q[Z] (^z[z^h] Np) ^ Hi{q[Z] ®Qr Vp)), 

that j* : Hi{Q ®z[ZkH] ^) —> Hi{Q <X)Qr Vp) is an isomorphism, and that [K. (8)Qr "^(i)] = 
[0] G L^(/C). We do this by taking L*^^^ -signatures of the middle dimensional pairings on 
putative such Vp, to obstruct the Witt class in ^^(/C) = L^{IC) from vanishing. First, we 
have a notion of algebraic (l)-solvability. 

Definition 8.6. We say that an element (H, y, ^) G AC2 with image € ACi is algebraically 
{l)-solvable if the following holds. There exists a metaboliser P = P^ C Hi{Q[I^](Sii[zkH]^) 
for the rational Blanchfield form such that for any p ^ H such that ^(p) S P, we obtain an 
element: 

Qr (^z[ZkH] Np e ker(L4(QF, QF - {0}) ^ ^^(QF)), 
via a symmetric Poincare pair over QF: 

(j : Qr 0z[zxi^] Np -^ Vp, (Gp, Op)), 
with 

P = kerO; : Hi{Q[Z] 0^[^,^] iV) ^ Hi{Q[Z] ^W Vp)), 
and such that: 

j, : P'i(Q Oz[ZkH] N) ^ HiiQ (^qr Vp) 

is an isomorphism. We call each such {j : QF 0z[Z!><H] Np — )• Vp, {Qp,6p)) an algebraic {!)- 
solution. D 

Theorem 8.7. Suppose that {H,y,S,) € AC2 is algebraically {l)-solvable with algebraic 
{l)-solution {Vp,Qp) and S,{p) € P- Then since: 

ker(L^(QF,QF - {0}) -^ L^iQF)) ^ L^(/C)/L^(QF) ^ L°(/C)/L°( 
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we can apply the L^^' -signature homomorphism (see |COT03t Section b]): a^^' : L^{1C) — )• M, 
to the intersection form: 

\k : H2{1C «)Qr Vp) x /?2(/C «)Qr Vp) -^ K. 

We can also calculate the signature o"(Aq) of the ordinary intersection form: 

Xq : H2{Q 0Qr Vp) X H2iQ ^qr Vp) -^ Q, 

and so calculate the reduced L'^'^' -signature a^'^^{Vp) = (T^'^'{Xfc) — (T{XQ). This is independent, 
for fixed p, of changes in the choice of chain complex Vp. 

Remark 8.8. Provided we check that the reduced L'^^-signature does not vanish, for each 
nietaboliser P of the rational Blanchfield form with respect to which (H, y, S,) is algebraically 
(l)-solvable, and for each P, for at least one p € P \ {0}, then we have a chain-complex- 
Von-Neumann p-invariant obstruction. This obstructs the image of the element {H, y, ^) 
in COT(c/i.5) from being f/, and therefore obstructs {H,y,S,) from being second order 
algebraically slice. 

We do not require any references to 4-manifolds, other than for pedagogic reasons, to 
extract the Cochran-Orr-Teichner L^^^ -signature metabelian concordance obstructions from 
the triple of a (l)-solvable knot, or indeed for any algebraically (l)-solvable triple in AC2- 
This result relies strongly on the reason for the invariance of the reduced L*-^^ -signatures 
which is least emphasised in the paper of Cochran-Orr-Teichner |COT03J . This is the result 
of Higson-Kasparov |HK97| that the analytic assembly map is onto for PTFA groups. The 
reader is encouraged to look at |COT03t Proposition 5.12], where it is shown that the 
surjectivity of the assembly map implies that the L^^^ -signature and the ordinary signature 
coincide on the image of L^{QT). The key point is that this result does not depend on 
manifolds for its statement; it is a purely algebraic result (although the proof of jCOTOSl 
Proposition 5.12] uses Atiyah's L*-^) -Index theorem). 

The Higson-Kasparov result does not hold for groups with torsion, a fact made use of in 
e.g. |CO09j . Homology cobordism invariants which use representations to torsion groups 
appear to be using deeper manifold structure than is captured by symmetric Poincare 
complexes alone. 

Proof of Theorem \8.7\ For this proof we omit the p subscripts from the notation; it is to 



be understood that tensor products with QT depend on a choice of representation. Given 
a pair ( j : QP <iSiz[ZiKH] N ^- V, {Q,6)), which exhibits {H,y,^) as being algebraically (1)- 
solvable, we again take the element: (/C (giQr ^{j),&/G) ^ L'^{^)^ and look at its image 
X]c G L^{1C). We can calculate an intersection form X)c on H^{}C ®Qr '^{j)): as in |Ran8H 
page 19], by taking 

x,y G (/C ®Qv ^(i))' = Hom^((/C 0Qr '^(j))2,/C), 



and calculating: 



y' = (G/0)o(y) G (/C 0Qr'^(j))2. 



Then Xic{x,y) := y'{x) = x{y') € /C. This uses, as in the definition of Bl in Proposition 
6.41 the identification of (/C ^Qr ^(i))2 with its double dual. By taking the chain complex 
Q <X)(Q)r ^(j) we can also calculate the intersection form Aq € L'^(Q), with an analogous 
method. To see that the intersection form on -ff^(Q(X'Qr'^(j)) is non-singular, consider the 
following long exact sequence of the pair; we claim that the maps labelled as j* and k are 
isomorphisms. 

H\Q ®Qr V) -^ H\q (^ziz^H] N) -^ H^iQ ^qt '^{j)) ^ H^{Q »Qr V). 
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The intersection form is given by the composition: 

^ HomQ(i/2(Q ^^^ ^(i)), Q), 

given by the map k from the long exact sequence of a pair, fohowed by a Poincare du- 
ahty isomorphism induced by the symmetric structure, and a universal coefficient theo- 
rem isomorphism. To show that Aq is non-singular we therefore need to show that k is 

an isomorphism. The assumption that there is an isomorphism j* : Hi{<Q 'S'z[Zt<H] ^) ^ 
Hi{Q (SiQT y) on rational first homology implies that, as claimed, there is also an isomor- 
phism j* : H^{Q 'S)Qr V) ^ H^{Q ®z[Zt<H] ^) on rational cohomology, by the universal 
coefficient theorem (the relevant Ext groups vanish with rational coefficients). Therefore, 
by exactness, the map k: H'^{Q (8)Qr ^ij)) -^ H'^iQ 'S'qf V) is injective. Over Q, for di- 
mension reasons, it must therefore, as marked on the diagram, be an isomorphism; the 
dimensions must be equal since the second and third maps in the composition which gives 
Aq show that H'^{Q 'S>Qr V) = HomQ(ij2(Q (g)Qp '^{j)),Q), and the dimensions over Q of 
HomQ(ii'2(Q (g)Qp '^{j)),Q) and of H'^iQ (8)Qr ^(i)) coincide. Therefore the intersection 
form Aq is non-singular as claimed. 

The reduced L^^^-signature a^^'{V) = (t(^)(Aa:) — <t(Aq) detects non-trivial elements in the 
group L^(/C)/L''(Qr). This will follow from JCOT031 Proposition 5.12], which uses a result 
of Higson-Kasparov |HK97j on the analytic assembly map for PTFA groups such as T, and 
says that the L^^^-signature agrees with the ordinary signature on the image of L^{QT). We 
claim that a non-zero reduced L^^^-signature, for all possible metabolisers P = P of the 
rational Blanchfield form, implies that {H, y, ^) is not second order algebraically slice. To 
see this, we need to show that, for a fixed representation p, the reduced L*^^^ -signature does 
not depend on the choice of chain complex V. 

We first note, by the proof of Theorem 18.51 that a change in {H, y, S,) to an equivalent 
element in AC2 produces an algebraic concordance which we can glue onto V as in Propo- 
sition 14.71 which neither changes the second homology of V with /C nor with Q coefficients, 
so does not change the corresponding signatures. 

To show that the reduced L'^' -signature does not depend on the choice of V, suppose 
that we have two algebraic (l)-solutions, that is two 4-dimensional symmetric Poincare 
pairs over QF: 

(j : Qr 02[2,^] N^V, (6, 9)) and {jO : QT 0^[^,^] N ^ VO ,{&"> ,9)), 

such that p = p^ £ H. Use the union construction to form the symmetric Poincare complex: 

(V UQr®Jv v^,eue -e^) e L\Qr). 

Over /C, QT C^^pxH] ^ is contractible, so that: 

{V uqt^n yo, e ue -eO) ~ (y e y^, e e -e^) = {v, e) - {v<>, e^) e 4(/c). 

Therefore {V, 6) - {V^, 6^) = G L^(/C)/L^(Qr), which means that the images in L° (/C) 
satisfy Aic - A^ = G L^s{IC)/L^{Qr). If A^ - A^ G i°(Qr), then by |(X)T03[ Proposi- 
tion 5.12]: 

^(2) (A;c - A^) = a{Q ®Qr V Uqf^jv V'>,ldQ ^(6 Ug -6^)) = c7(Aq) - a(Ag), 
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where the last equality is by Novikov Additivity. Novikov Additivity also holds for a^"^' : see 
ICUT031 Lemma 5.9.3], so that: 

and therefore a^'^^V) = a^'^^V^) as claimed. D 



This completes the proof of Theorem 11.1 



Remark 8.9. The results of Kim |Kim04j . Cochran-Orr-Teichner |CUT04j and Cochran- 
Harvey-Leidy |CHL09al ICHLOQbl ICHLlOj . which use Cheeger-Gromov Von Neumann p- 
invariants to show the existence of infinitely many linearly independent injections of Z and 
of Z2 into J~(i)/J~'n,5), can also be applied, so that we can use the chain-complex- Von- 
Neumann /?- invariant of Theorem 18.71 to show the existence of infinitely many injections of 
Z and Z2 into ker(^C2 — ^ ^Ci), which in particular implies the claim in Corollary II. 3 [ 
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